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Abstract. We import the algebro-geometric notion of a complete collineation into the study of maximum
likelihood estimation in directed Gaussian graphical models. A complete collineation produces a
perturbation of sample data, which we call a stabilization of the sample. While a maximum like-
lihood estimate (MLE) may not exist or be unique given sample data, it is always unique given a
stabilization. We relate the MLE given a stabilization to the MLE given original sample data, when
one exists, providing necessary and sufficient conditions for the MLE given a stabilization to be one
given the original sample. We show that the MLE has a well-defined limit as the stabilization of a
sample tends to the original sample, and that the limit is an MLE given the original sample, when
one exists. Finally, we address the question of which MLEs given a sample can arise as such limits.
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1. Introduction. We study maximum likelihood estimation in directed Gaussian graphical
models. The existence or uniqueness of a maximum likelihood estimate (MLE) given observed
data is known to depend on the number of samples and their genericity [6, 11, 15]. Several
approaches have been proposed to compute MLEs given data that is insufficient or nongeneric,
including regularization [7], dividing the model into subnetworks [32], and reducing the number
of parameters via symmetries [18]. We propose a new approach to this problem based on the
algebro-geometric concept of a complete collineation. The idea is that if an MLE does not
exist, or is not unique, given observed data, the data may be perturbed so that a unique MLE
can be found. This unique MLE can then be used to single out an MLE given the initial
data, if one exists, or to assign a statistically meaningful MLE to it. The key to proving these
results is to have the right notion of perturbation. We propose that perturbations arising from
complete collineations are a natural choice.
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The distributions we consider are mean-centered m-dimensional Gaussians, for some di-
mension m. Our models are parametrized by certain subsets of the cone of m x m positive
definite matrices. Sample data can be collected into a matrix Y of size n x m, where n is
the number of observations. The existence or uniqueness of the MLE given Y depends on
the model and the properties of the matrix Y. For example, if the model is the full cone
of positive definite matrices, the MLE given Y exists and is unique if and only if Y has full
column rank. This cannot occur for n < m, but it occurs generically once n > m.

In this paper, we think of a sample Y € R™*™ as a linear map R"”* — R". If the MLE does
not exist or is not unique given Y, then Y is a degenerate linear map, i.e., it does not have
maximal rank. We adopt the view that Y should be considered not on its own but together
with the additional data that a complete collineation provides. This additional data can be
packaged into a new sample Y which we call a stabilization of Y, such that the MLE is unique
given Y. We think of Y as a ‘“‘well-behaved” degeneration of a sample corresponding to a
nondegenerate linear map, i.e., a map of maximal rank.

1.1. Why complete collineations? While degenerate linear maps are the most obvious
candidates for degenerations of nondegenerate linear maps, an important lesson originating in
the work of late 19th century geometers is that they are not the right notion of degeneration
from the point of view of enumerative geometry [29]. The key insight from this line of work is
that degenerations should carry more information than just that of a degenerate linear map;
the key contribution lies in identifying exactly what this information should be. Complete
collineations encode the necessary information.

A collineation between two projective spaces P(V) and P(W) is the scalar equivalence
class [f] of a nondegenerate linear map f : V. — W. By convention, we map from the
smaller projective space to the larger one, so we assume that dimV < dimW. The term
collineation originates in the fact that the map [f] sends collinear points in P(V') to collinear
points in P(im f) bijectively. In fact, the map [f] not only maps lines to lines but also maps
i-planes to i-planes, via associated maps [Alf] : P(A'V) — P(A'W) for i from 1 to dim V.
By contrast, if f is a degenerate map from V' to W, then while the equivalence class [f] is
well-defined, the equivalence classes [A!f] may no longer be well-defined, since i-planes may
collapse to j-planes for some j < i. Complete collineations are degenerations of collineations
that preserve the higher-order information of the i-plane to i-plane correspondences [A®f]
[29, p. 254]. Concretely, a complete collineation from P(V') to P(W) with dimV < dim W
is a finite sequence ([fi],...,[f:]) of equivalence classes of linear maps, where f; : V — W,
fi  ker fi_1 — coker f;_1 for ¢ > 2 and f; is the first nondegenerate map; see section 2 for
details.

Given a degenerate sample, or equivalently a linear map f : R™ — R", we define a
stabilization of f, or f-stabilization, to be f = f + f’ where the perturbation f’ comes from
a complete collineation between P(R™) and P(R") with first term [f]. We will always reduce
to the case where m < n (see section 4.1). A precise definition of sample stabilizations is in
section 5.1. _

Properties of complete collineations ensure that the MLE is unique given f. While various
conditions could be placed on f’ to ensure that the MLE given f is unique, our conditions
have the advantage that the MLE given f and the MLEs given f, if they exist, are closely
related. In this paper, we use complete collineations to resolve nonidentifiability of the MLE.
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1.2. Main results. Fix a directed acyclic graph (DAG) G on vertices {1,...,m} with edge
set K. A directed edge from j to i is denoted by j — i. The acyclicity rules out directed cycles
j—1— -+ —= k — j. The statistical models we consider are directed Gaussian graphical
models on DAGs. We call these DAG models, for short. They have m + |E| parameters, one
for each edge and one for each vertex. The MLE given data Y consists of estimates for all of
these parameters; see section 3 for details. We work throughout over a field K which can be
taken to be either R or C. Our results hold over both fields.

Our first main result relates the MLE given a stabilization to an MLE given an original
sample. We denote the span of a set of vectors {vi,...,v;} by (v1,...,vx) and the projection
of a vector v onto a linear space L by mp(v). A child vertex in G is a vertex i in a DAG G
with a parent in G, i.e., with an edge j — 4 in G for some vertex j.

Theorem 1.1. Fiz a DAG G and a sample f € K"™*™. Let f = f + f' denote a stabilization
of f. Let f; and v; denote the columns of f and f', respectively. We have the following results
concerning marimum lz@elihood estimation in the DAG model on G:

(a) the MLE given f is unique;

(b) the MLE given f is an MLE given f if and only if

v; € (vj:j—i) and fi +v; € (fj +v;:5—1),
where f; ;= T (f,:j—i) (fi), for all child vertices i;

(c) the MLE given f(e) := f +ef’ is unique for all € #0, and has a well-defined limit as

€ tends to zero, called the limit MLE given f, which can be described explicitly (see

Theorem 8.3(c)); N
(d) the limit MLE given f is an MLE given f, if one exists.
Our second main result addresses when an MLE given f is the MLE or limit MLE given

a stabilization of f.

Theorem 1.2. Fiz a DAG G and a sample f € K"*™. Let a denote an MLE given f in the
DAG model on G. Then we have the following:
(a) there is a locally Zariski closed subvariety Xy CK"*™ parametrizing stabilizations of

fi
(b) there is a Zariski closed subvariety Xyo C Xg, with defining equations given in (6.5),
parameterizing stabilizations f of f such that the MLE given f is a, so that

Xfa#0
if and only if o is the MLE given an f-stabilization;

lim

(c) there is a Zariski closed subvariety Xy € Xy, with defining equations given in (8.2),
parameterizing stabilizations f of f such that the limit MLE given f is a, so that

if and only if « is the limit MLE given an f-stabilization.

We apply the above results to DAG models on a star-shaped graph, which in this paper
refers to a connected DAG with a unique child vertex, as in Figure 1. Such models study the
linear dependence of one variable on all others.
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Figure 1. Star-shaped graph with m =5 vertices.

Theorem 1.3. Consider a star-shaped DAG G and a sample f. If the MLE given f exists
in the DAG model on G, then the MLE given any stabilization f of f is the unique MLE given
f of minimal 2-norm.

Theorem 1.3 exhibits a model where exactly one of the MLEs given a sample f can be
obtained from the MLE or limit MLE given a stabilization of f. The unique MLE singled
out should be viewed as the ‘“‘preferred” one, thus resolving the problem of nonidentifiability
of the MLE given f. For other DAGs, different stabilizations may give different MLEs,
and resolving nonidentifiability of the MLE relies on a choice of stabilization. We describe a
sampling algorithm which constructs an f-stabilization from any sample f via a finite sequence
of samples in section 5.3. Each sample is obtained by sampling linear combinations of the
nodes of G, with the number of samples needed strictly decreasing at each step.

1.3. Related work. We are not aware of any existing work connecting complete
collineations to algebraic statistics. Nevertheless, in a different direction, the closely related
concept of complete quadrics has recently been used in algebraic statistics to study particular
classes of Gaussian models [21, 10, 19]. Complete quadrics are defined analogously to complete
collineations, with the additional constraint that dimV = dim W and that f is symmetric;
their moduli space enjoys the same features as the moduli space of complete collineation.
References [21, 19] study generic linear concentration models. These are Gaussian models
whose concentration matrices (i.e., the inverses of the covariance matrices) are m x m positive
definite matrices lying in a fixed d-dimensional generic linear subspace L of m X m symmetric
matrices. The maximum likelihood (ML) degree of such a model is the number of complex
critical points of the log-likelihood function for a generic sample covariance matrix, which
depends only on m and d by genericity of L and is denoted by ¢(m,d). References [21, 19]
connect intersection theory on the space of complete quadrics to the computation of ¢(m,d),
leading to a proof that ¢(m,d) is polynomial in m for fixed d > 0 in [19], as conjectured in
[26]. By contrast, [10] considers Gaussian graphical models, which are examples of nongeneric
linear concentration models, and uses intersection theory on the space of complete quadrics
to compute the degree of the projective variety associated to Gaussian graphical models on
cyclical graphs, answering another conjecture of [26].

Our proof of Theorem 1.2, the main result of our paper, is closely related to Tikhonov
regularization [30, 14, 16, 20, 23]. Indeed, we prove Theorem 1.2 by first establishing a result
about solutions of underdetermined linear systems (Theorem 7.1). Given an underdetermined
linear system Az = m4(b), we show that if E has the property that A+ E has full rank so that
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(A+ eE)x = ma+er(b) has a unique solution z(e) for any € # 0, and if the columns of E are
orthogonal to the columns of A and to b, then lim,_,o z(€) exists and is a solution to the initial
linear system. In the context of Tikhonov regularization, this result can be viewed as providing
a new class of regularization matrices with the following two properties: first, the solution to
the regularized minimization problem has a well-defined limit as the deformation parameter
tends to zero, and second, this limit coincides with a solution to the original minimization
problem. Importantly, while in special cases this limit solution coincides with the minimal
norm solution, as is always the case in standard Tikhonov regularization, in general the limit
solution need not coincide with the minimal norm solution. We give examples in section 7.

1.4. Organization. We give preliminaries from algebraic geometry and algebraic statis-
tics in sections 2 and 3, respectively. We review, for different DAG models, which MLE
properties can occur in section 4. We introduce sample stabilizations and their parameter
spaces in section 5 (Theorem 1.2(a)), and show how a sample stabilization is constructed
from a complete collineation. Sections 6-9 prove the main results. Section 6 focuses on the
MLE given a sample stabilization (Theorem 1.1(a) and (b), and Theorem 1.2 (b)). Section 7
constructs unique solutions to underdetermined linear systems as the limit of a solution to a
perturbation of the linear system. This result is applied in section 8 to study the limit MLE
given sample stabilizations (Theorems 1.1(c) and (d), and 1.2(c)). In section 9 we apply the
results to star-shaped graphs (Theorem 1.3). Finally, we discuss directions for future work in
section 10.

2. Algebraic geometry preliminaries. We review the construction of the moduli space of
complete collineations and the definition of a complete collineation that we will work with in
this paper.

2.1. The moduli space of complete collineations. We start by defining the moduli space
of complete collineations. A complete collineation is an element of this moduli space. We will
give another definition of a complete collineation that is easier to work with in section 2.2.

Definition 2.1 (the moduli space of complete collineations). Fiz two vector spaces V- and W
with dimV < dim W. The moduli space of complete collineations from P(V') to P(W) is the
closure of the graph of the rational map

¢ : P(Hom(V,W)) -+ P(Hom(A*V, A2W)) x - - - x P(Hom(A"V, A"W))
[M]— ([N2M],...,[A"M]),

where r =dim V.

Note that ¢ is only well-defined on the locus inside P(Hom(V, W)) parametrizing collineations,
i.e., maps of maximal rank.

By construction, the moduli space of complete collineations contains as an open dense
subset the space of maximal rank linear maps up to scaling. It can therefore be viewed
as a compactification of the space of maps of maximal rank in P(Hom(V,W)). This is an
alternative compactification to the “‘obvious” one given by P(Hom(V,W)), and has the ad-
vantage of having nicer geometric properties: its boundary is a normal crossing divisor, by
contrast with the compactification given by P(Hom(V, W)) whose boundary is highly singular.
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This geometric property makes the moduli space of complete collineations useful for tackling
enumerative geometry problems related to linear maps [17, 28].

2.2. Points of the moduli space. Despite the simple construction of the moduli space of
complete collineations, describing points in the boundary is difficult. In other words, given an
element of

P(Hom(V,W)) x P(Hom(A?*V, A*W)) x -+ x P(Hom(A"V, A"W))

with first term not of maximal rank, it is not obvious which properties the remaining terms
need to satisfy for the element to lie in the moduli space of complete collineations. Thankfully,
there is an alternative construction of the moduli space of complete collineations from which
a description of points in the boundary can more readily be extracted.

This construction is obtained via a sequence of blow-ups of C := P(Hom(V,W)), as shown
by Vaisencher in [31]. The sequence can be described inductively as follows: set Cp = C and
for i > 1 let C; denote the blow-up of C;_; along the proper transform in C;_; of the locus of
maps [f] € C of rank less than or equal to i. Then the moduli space of complete collineations
from V to W is isomorphic to C,. In particular, points of the blow-up are in one-to-one
correspondence with complete collineations from V to W. Moreover, points of the blow-up
can be described explicitly by analyzing the exceptional divisors at each stage of the blow-up.
Doing so yields the following definition, which we will use for the rest of this paper.

Definition 2.2 (complete collineations). Fiz two wvector spaces V- and W with dimV <
dimW. A complete collineation from P(V) to P(W) is a finite sequence ([fi],...,[ft]) of
scalar equivalence classes of maps:

fi: VoW
fa : ker fi — coker f;

ft 1 ker fi_1 — coker f;_1

where each f; is degenerate except for f;. An affine lift of a complete collineation ([f;])i_, =
([f1ls-- -, [fe]) from P(V) to P(W) is a sequence (gu,...,qg:) where [g;] = [fi] for each i.

Ezample 2.3. Consider the map f;: C* — C* given by

fi=

o O O
o O o O
o O O O

with respect to the standard bases {b, ba, b3} for C? and {e1,e9,€e3,e4} for C*. Then ker f; =
(b2,bs) and coker fi can be identified with the orthogonal complement (eg,es,eq) of im fi.
Consider the map fo: ker fi — coker fi given by by — e2 and b3 — 0. Then ker fo = (b3) and
coker fa = (e3,eq4). Consider f3: ker fo — coker fa given by b3 — es. Then ([f1],[f2], [f3]) is
a complete collineation from C3 to C*. Then ker f1 = (b2,b3) and coker f; can be identified
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with the orthogonal complement (es,e3,e4) of im fi. Consider the map fo: ker f; — coker f;
given by by — e and bs — 0. Then ker fo = (bs) and coker fo = (e3,e4). Consider f3: ker fo —
coker fo given by bz — e3. Then ([f1],[fa], [f3]) is a complete collineation from C3 to C*.

The blow-up construction of the moduli space M of complete collineations from P(V') to
P(W) can be used to show that M admits a stratification M = | |, M; by locally closed
subvarieties M; parametrizing complete collineations with ¢ terms. Moreover, the composition
of the blow-down maps gives a surjective morphism 7 : M — P(Hom(V,W)), which maps
(Ifi)izy to [f1]. Given amap [f] € P(Hom(V,W)), define Mz := 7~ 1([f]), and let ./\/lff] denote
the intersection of this fibre with the stratum My, so that /\/lff] ={([fiDiL, e M: 1] =[f]}-

On each M'E 1l there is a torus fibration
t t

such that the fibre over any complete collineation is the set of its affine lifts.

3. Algebraic statistics preliminaries. We give background on maximum likelihood esti-
mation and DAG models.

3.1. Maximum likelihood estimation. An m-dimensional Gaussian with mean zero has
density

1 L 1¢1
f=(y) \/mexp < Y B y) :
where y € R™ and the covariance X lies in the cone of m x m positive definite matrices PD,,.
We refer to a multivariate Gaussian model by its set M C PD,, of covariance matrices. The
elements ¥ € M are parameters for the model. A maximum likelihood estimate (MLE) given
sample data consists of parameters that maximize the likelihood of observing that sample.
We collect independent samples Y7,...,Y,, € R™ as the rows of a matrix Y € R"*. Our
convention that the rows are indexed by samples and the columns by variables is the transpose
of that used in related work [18, 1, 22]. A maximum likelihood estimate (MLE) given data
Y is a point ¥ € M that maximizes the likelihood of observing Y. The likelihood function is
Ly (%) =TI, f=(Yi). We work with the function

(3.1) ly (2) = —logdet(X) — tr(X71Sy),

where Sy = %YTY. This is the log-likelihood function, up to additive and positive multiplica-
tive constants, hence has the same maximizers. An MLE given Y in M is therefore

Y :=arg Inax ly (%)
if such a maximizing 3. € M exists. We consider the following four properties which can occur
when maximizing ¢y (X) over ¥ € M:
(a) ¢y is unbounded from above,
(b) ¢y is bounded from above,
(c) the MLE exists (i.e., £y is bounded from above and attains its supremum),
(d) the MLE exists and is unique.
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Ezample 3.1. Let M =PD,, and fix a sample Y € R"*"™. The MLE given Y is Sy = %YTY
if it is invertible; see, e.g., [27, Proposition 5.3.7]. The matrix Sy lies in the model PD,, if
and only if it is invertible. If it is not invertible, then ¢y is unbounded and the MLE does not
exist. Put differently, the MLE given Y exists if and only if Y has full column rank.

We define the mazimum likelihood threshold (mlt) of a multivariate Gaussian model to be
the minimal number of samples needed for the MLE to generically exist and be unique. Exam-
ple 3.1 has mlt = m. The study of mlts is an active area of study, with recent developments,
including [4, 11, 15, 5, 12, 8, 9].

Remark 3.2.

(i) We assume that the mean is known to be zero. Alternatively, one could estimate
the mean in addition to the covariance matrix, i.e., consider a model R™ x M with
M CPD,,. The MLE for the mean parameter is then the sample mean. Thus, after
shifting to the sample mean, one can translate to the mean zero setting. This process
shifts the mlt by one; see [22, Remark 6.3.7].

(ii) For m-dimensional complex multivariate Gaussian distributions [33], one can do max-
imum likelihood estimation similarly to the above. The covariance matrix 3 is Her-
mitian positive-definite and the sample matrix Y lies in C"*™. The log-likelihood
function is, up to additive and positive multiplicative constants, as in (3.1) with Sy
now formed using the conjugate transpose; see [8, section 1.2] and [22, section 6.3].
From here on, we will work over K € {R,C}, as in [22].

3.2. Directed Gaussian graphical models. Linear structural equation models study linear
relationships between noisy variables of interest. Directed Gaussian graphical models are a
special case. Let G = (V, E) be a DAG on vertices V ={1,2,...,m} and directed edges E. A
directed edge from j to 7 is denoted by j — ¢ and the absence of such an edge by j /4 i. The
parents of ¢ in G is the subset of vertices

pa(i) ={j eV |(j —i) € E}.
A directed Gaussian graphical model on G is defined by the linear structural equation
(3.2) y=Ay+e, ie., Yi = Z Nijyj + €&,
jepa(i)
where y € K™, and A\;; = 0 for j /4 4 in G. Directed Gaussian graphical models assume
normally distributed noise € ~ N(p,$2) with 2 diagonal. We assume that the variables are

mean-centered, so that y=0. The linear relationships are recorded in the term Ay while the
noise term is e. We refer to a directed Gaussian graphical model on a DAG as a DAG model,

for short.
The vector y follows a multivariate normal distribution with mean 0 and covariance
(3.3) Y= —-A)"'QUI—-A)"*

by (3.2), where A has entries \;; and (-)7* denotes inverse conjugate transpose (which is the
inverse transpose if K=R). The DAG model on G is

M={2€PD,,|Z=T—-AN)"'QI —A)™* \;j =0 unless j —i in G, Q diagonal}.
An MLE given Y in the DAG model on G consists of edge weights A and variance 2.
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Denote the entries of €2 by w;, and recall that A;; are the entries of A. The function fy
from (3.1) can be written in terms of the parameters w; and \;;. Its negation —¢y is

m
1 . )
T [ 74 O vy )2
(3.4) Z logw; + ” ha$ Z A Y2,
i=1 Jj€pa(i)
where Y *) denotes the kth column of the sample matrix Y for k € {1,...,m}; see [18, Theorem

4.9]. An MLE given Y consists of S\Z-j and w; that minimize the above expression. The );; are
therefore coefficients of each YU in the orthogonal projection of Y onto (Y : j € pa(i)).
The w; are the residuals %HY“) = D jepali) Xin(j)||2, provided that the residual is strictly
positive; see the proof of [18, Theorem 4.9] or of [22, Theorem 6.3.16].

We can consider maximum likelihood estimation of just the A parameters or just the
parameters. We refer to these as the A-MLE and Q-MLE given Y, respectively.

Ezample 3.3. Let G be the DAG 1 — 3 < 2. The DAG model on G is parametrized by
A= (A31,A32) and w = (wy,ws,ws). Fix sample matrices

1 00

1 01 110
Y:< >, Y’z( >, Y'=|0 1 0
0 11 0 01 00 1

The A-MLE given Y is (1,1) and the Q-MLE given Y does not exist. Hence, the MLE given
Y does not exist. The Q-MLE given Y’ is (3,1,1), while the A-MLEs are {(t,—t) : t € K}.
Finally, the Q-MLE given Y” is (3,4, 1) and the A-MLE is v = (0,0).

Proposition 3.4. A A-MLE always exists, but may not be unique. An Q-MLE may not
exist, but is unique whenever it does.

Proof. Coefficients of each YY) in the projection of Y onto (Y9 : j € pa(i)) always
exist, hence a A-MLE always exists. The ;\ij are unique if and only if the submatrix of Y with
columns indexed by pa(i) has full column rank. The above residual formula for @; shows that
they are unique whenever they exist. |

The existence and uniqueness of the MLE given a sample matrix ¥ € K™ can be
described by linear dependence conditions on Y. For a vertex i in G we write Y (P2(®) for the
submatrix of Y with columns indexed by the parents of 7 in G, and by Y (P2()Y) the submatrix
of Y with columns indexed by {i} Upa(i).

Theorem 3.5 (see [18, Theorem 4.9] and [22, Theorem 6.3.16]). Consider the DAG model on
G with m vertices, and fix a sample matriz Y € K"*™. The following possibilities characterize
mazximum likelthood estimation given Y :

(a) Ly unbounded from above < Jie{l,...m}: YO (Y0 :jepali)),
(b) MLE exists & Vie{l,...m}: YO ¢ (Y0 jepa(i)),
(c) MLE exists uniquely & Vie{l,...m}: Y®OU) has full column rank.

The above theorem uses the convention that the linear hull of the empty set is the zero
vector space. In particular, if a sample matrix Y has a column of zeros, then ¢y is unbounded
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from above, regardless of whether the corresponding vertex has parents in G. For a DAG
model on G the mlt is

(3.5) mlt(G) := max [|pa(i)|+1
i€{1,...,m}

by Theorem 3.5; see also [11, Theorem 1].

Remark 3.6. There is a correspondence between the existence and uniqueness of the MLE
and notions of stability from Geometric Invariant Theory; see [18, Theorem A.2] and [22,
Theorem 10.6.4]. For a DAG model, there are three equivalences:

Y unstable < MLE does not exist,
(3.6) Y semistable < Y polystable <« MLE exists,
Y stable <  MLE exists uniquely.

Stability is under right multiplication by the set of invertible matrices g with detg = 1 and
gi; =0 for all i # j with j /i in G; see [18, Definition A.1]. This is a group if and only if the
DAG G is transitive; see [1, Proposition 5.1]. A DAG is transitive if it has the property that
a path k — j — ¢ implies the presence of an edge k — 1.

4. Samples with nonunique MLE. The MLE does not exist given Y in a directed Gauss-
ian graphical model if certain submatrices of Y have deficient column rank, as described in
section 3. There are two ways this can happen. The first is that the number of samples n is
too small, the second is that the columns of Y are not generic. We relate these two possibilities
in section 4.1. This enables us to assume without loss of generality that n > m.

With too few samples, the MLE will not exist, and with sufficiently many generic samples,
the MLE will exist and be unique. Between these extremes, different possibilities occur, which
we characterize in section 4.2. Our result holds in the setting of transitive DAGs.

4.1. Relating too few samples to nongeneric samples. We relate maximum likelihood
estimation when n <m to the setting n >m.

Proposition 4.1. Fiz sample data Y € K™™. Then the MLFEs given Y equal the MLEs
given Z, where Z € KF"™™ s the matriz obtained from'Y by taking k copies of Y and stacking
them vertically.

f’roof. The A—MLES given Z are Aij that minimige cach || Z() — > jepali) Xij Z0)|2. SirAlce
1Z® — > jepali) i ZO|?2 = k|Y® — > jepali) 2i;Y D2, both norms are minimized at \;;.
Hence, the A-MLEs given Y and Z agree. The Q-MLE components @; given Z are the
residuals (|29 — >0 . /\ijZ(J)H?. We haveﬁuz(@yy? = Ey®)2 = 1|y®|2. The
same norm computations hold for Z(® — > jepa(i) Xij 4 (4). Hence, the Q-MLEs given Y and Z
agree. |

Proposition 4.1 allows us to assume without loss of generality that n > m. Indeed, if
n <m, we let k be minimal such that kn >m and replace Y by Z € KFn*™,

4.2. Possibilities for MLE existence and uniqueness. We study all possibilities that
can arise for ML estimation in transitive DAG models. The following theorem characterizes
which MLE properties can occur. An unshielded collider is an induced subgraph i — j <
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Table 1
Possible MLE properties for transitive DAG models.

Does not exist | Exists but not unique| Unique
n <d(G) v
d(G) <n <mlt(G) v v
n > mlt(G), unshielded colliders v v v
n > mlt(G), no unshielded colliders v v

k with no edge connecting i and k. Recall from (3.5) that the mlt mlt(G) of a DAG is
maXie(1,...m} [Pa(i)| + 1. The depth d(G) of a DAG is the number of arrows in a longest path
in G. If G is transitive, then d(G) <mlt(G) — 1.

Theorem 4.2. Let G be a transitive DAG, and let n denote the number of samples. The
MLE properties that can occur in the DAG model on G are as per Table 1.

Proof. We use the characterization of the existence and uniqueness of the MLE from
Theorem 3.5. Define d:=d(G) and mlt := mlt(G). By definition, there is a directed path

Po < p1 < P2 P4

in G. The transitivity of G implies that p;;1,...,pq are parents of p; for all j=0,1,...,d.

Assume n < d. Then for any Y € K™ ™ the vectors Y ¢ K" for j = 0,1,...,d are
linearly dependent, since n < d + 1. Therefore, there is some nontrivial linear combination
> j /\jY(pJ') — 0. Let k be minimal such that Ay # 0. Then Y®*) is a linear combination of
(some of) its parent columns. Hence, the MLE given Y does not exist.

Next, assume d <n < mlt. The MLE does not exist given almost all Y, by the definition
of mlt. However, the MLE does exist given special samples, as follows. Fix linear independent
vectors fo, f1,...,fq € K" using n > d + 1 and denote by d(i) the number of arrows of a
longest directed path in G starting at ¢. Then 0 < d(i) <d. We have d(i) = 0 if and only if
vertex 7 is not in pa(j) for any j. Moreover, if p — i, then d(p) > d(i). Define Y € K"*™
by setting Y := faqy for all i € {1,...,m}. The parent columns of Y@ = fag) are all
contained in {fy)11,---,fag)}, by construction. Thus, Y@ is not in the linear span of its
parent columns and hence the MLE given Y exists. Observe that there is a vertex ¢ in G such
that n < 1+ |pa(i)], since n < mlt. Therefore, for any ¥ € K™ ™ the submatrix Y (2P2() does
not have full column rank, so the MLE given Y is not unique.

Finally, assume n > mlt. The MLE is unique given generic samples Y € K"*, by
the definition of mlt. The MLE does not exist for a matrix with a column of zeros, for
example. It remains to see whether the MLE given Y can exist but not be unique. If there
is an unshielded collider 7 — ¢ < k in G, we create such a Y by taking a generic Y and
replacing Y®) by Y@ Since j ¢ pa(k) and k ¢ pa(j), the MLE exists, but since two rows
indexed by parents of ¢ are equal, it is not unique. We conclude with the case where there
is no unshielded collider in G. Assume there is some sample matrix Y such that the MLE
is not unique given Y. By Theorem 3.5(b) and (c) there is some i such that Y ®2(®) does
not have full column rank. Let J C pa(i) denote the indexing set for those columns that
appear with nonzero coefficient in a linear dependence relation among the columns of y (Pa(@)
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Since there are no unshielded colliders in G, there is some k € J with J\{k} C pa(k). But
then Y*) € span{Y0) : j € J\ {k}} Cspan{Y¥) : j € pa(k)}, which contradicts existence of
the MLE. |

Section 4.1 implies that we can always assume that we are in the situation where n > m,
by duplicating samples enough times. So we may restrict our attention to the bottom two
rows of Table 1. Given a sample ¥ with nonunique MLE given Y, we will see in section 5 how
to construct using a complete collineation a new sample Y with unique MLE given Y. Then
in sections 6 and 8 we will relate the MLE given Y to the MLE(s) given Y, and show how Y
can be used to resolve nonidentifiability of the MLE given Y.

5. From complete collineations to sample stabilizations. In this section, we introduce
the stabilization of a sample. We call it a stabilization because, as we will see, the MLE given
any stabilization of a sample is unique; cf. (3.6). There are many ways we could obtain from
a sample a new sample with unique MLE. The notion of stabilization that we introduce here
is based on complete collineations, and has the advantage that we can relate the MLE given a
stabilization to MLEs given the original sample if they exist. We define sample stabilizations
in section 5.1 and explain how a sample stabilization can be constructed from a complete
collineation. We construct a parameter space for sample stabilizations as an algebraic variety
in section 5.2. We describe an algorithm for obtaining complete collineations via sampling in
section 5.3.

Convention 5.1. We assume n > m. This is without loss of generality by section 4.1.

5.1. Sample stabilizations from complete collineations. Defining sample stabilizations
requires taking orthogonal complements in K" and K™. To this end, we fix the standard inner
products on K" and K™, with v-w =", v;w; where w; denotes the complex conjugate.

Definition 5.2 (sample perturbations and stabilizations). Fiz a sample f : K™ — K". A
linear map f': K™ — K" is a perturbation of f, or f-perturbation, if it satisfies the following
conditions:

(i) im /' C (im f)*;

(ii) (ker f')* =ker f.

A stabilization of f, or f-stabilization, is a sum ]7: f+f, where f' is an f-perturbation.

Equivalently, a linear map f’: K™ — K" is an f-perturbation if and only if its rows and
columns are orthogonal to the rows and columns of f, respectively, and dimker f/ = dimim f.

Lemma 5.3 (Theorem 1.1(a)). Any stabilization f of a sample [ has mazimal rank. In
particular, the MLE given f is unique in any DAG G on m vertices.

Proof. Write f as f 4 f where f’ is an f-perturbation. We wish to show that f has
trivial kernel. To this end, suppose that f(v) = 0 for some v € K™. Write v = v1 + v2
where v € ker f and vy € (ker f)*. Then f(v) = f'(v1) + f(vz). By (i) we know that
f'(v1) € (im f)*; therefore, f(v) = 0 if and only if f'(v1) = f(v2) = 0. By (ii) we have
vy € (ker f/)*; therefore, v; = 0. Since vs € (ker f)*, we also have vy = 0. Therefore, v =0
as required. Moreover, since by Convention 5.1 we are assuming n > m, the MLE given f is

unique in the DAG model on any DAG G on m vertices, by Theorem 3.5. |

We now show how sample stabilizations can be constructed from complete collineations.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaged Uo/10/26 10 65.112.6.19 . Redistribution subject to SIAM l1cense or copyrignt; see https.//epuns.siam.org/terms-privacy

COMPLETE COLLINEATIONS FOR ML ESTIMATION 273

Construction 5.4 (an f-stabilization from a complete collineation). Fix a sample f and
consider a complete collineation ([f1],...,[ft]) from P(K™) to P(K™) with [fi] = [f]. Choose
an affine lift (f1, fo,..., ft) with fi = f. Fach f; is a nonzero map ker f;_1 — coker f;_1, with
ft the first nondegenerate map (which must be injective since we are assuming m <n).

We first explain how to turn each map f; into a map to K". Using the standard inner
product on K", we identify coker fi with (im f1)*, a subspace of K™. In this way, we view fo
as a map ker f; — K™, The standard inner product on K™ restricts to one on (im f1)*, which
enables us to identify coker fo with the orthogonal complement of im fo inside (im f1)=*:

coker fo = {z € (im f1)* | (z,y) =0 for all y € im fo}.

Thus, we can view f3 as a map ker fo — K™. Proceeding in this way, we identify each coker f;
as the orthogonal complement of im f; in (im f;_1)*, and thus view fiy1 as a map ker f; — K".
Note that the images of each f; have pairwise trivial intersection.

Nezxt, we explain how to turn each map f; into a map with domain K™. Set f5= fa. It is
a map with domain ker f1. Let

5 ker fi =ker fo @ (ker fo)= — K"

denote the precomposition of f3 with the projection from ker f1 to ker fy. In the above equation,
the orthogonal complement (ker fo)* is taken inside ker f1. Let

fiv1:ker fi = K"

denote the precomposition of fiy1 with the sequence of projections ker fi — --- — ker f;. The
process ends when we reach f{ :ker fi — K", whose restriction to ker fi_1 has trivial kernel.
Since the images of each f! have pairwise trivial intersection, we obtain an injective map

fé—l—---+fé:kerf1—>K”

with image contained in (im f1)*. Precomposing with the projection K™ =ker f1 & (ker f1)+—
ker f1 gives a map f': K™ — K" with kernel (ker fi)* and image contained in (im fi)*.

Lemma 5.5. The map f': K™ — K", obtained by precomposing f5+ --- + f{ with the
projection K™ — ker f1, is an f-perturbation.

Proof. By construction we have (ker f/)* = ker f and im f’ C (im f)*. Hence, both
conditions of Definition 5.2 required for f’ to be an f-perturbation are satisfied. |

By Lemma 5.5, we set f := f + f' to obtain an f-stabilization.

There are no choices involved in this construction, beyond the standard bases and inner
products on K" and K™, which are set once and for all. Thus, we have a canonical way of
obtaining an f-stabilization given a sample f and an affine lift of a complete collineation with
first term [f].

Proposition 5.6. Given a sample f, an affine lift (fi,...,ft) of a complete collineation
from P(K™) to P(K™) with first term f1 = f uniquely determines an f-perturbation ' and an

f-stabilization f = f+ f’, via Construction 5.4.
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Ezample 5.7 (illustration of Construction 5.4). Let

f=fH=

o O o
O O = O
o O O O

so that m = 3 and n = 4. Let {b1,be,b3} and {ej,e2,e3,e4} denote the standard bases
for K® and K*, respectively. Then ker f = (b3) while (im f)* = (e3,e4). A nonzero map
fa s ker f — (im f)* is of the form bz + cies3 + czeq for some c1,cz € K not both zero. This
map is necessarily injective, so (f1, f2) is an affine lift of a complete collineation from P(K?)
to P(K*). Then

10 0
= . ., lo1 o0
0 0 Cc2

5.2. The parameter space of sample stabilizations. A perturbation of a sample f is
a linear map from K™ to K", or alternatively an element in X := K"*". We describe
the subvariety Xy of X parametrizing f-perturbations. This is a parameter space for f-
stabilizations.

Fix a sample f, and let r:=dimim f. Let Y; C X be the subspace of maps f’: K™ — K"
that descend to a map

K™ /(ker f)* = ker f — (im f)*.

In other words, f’ €Yy if and only if the columns of f’ are orthogonal to the columns of f and
the rows of f’ are orthogonal to the rows of f. The space Y7 is cut out by linear equations in
X. Let X,,_, be the rank m — r matrices in X. This is a locally closed subvariety of X, as it
is closed inside the open subvariety given by matrices of rank less than or equal to m —r. Set

(5.1) Xf = Xm,TﬂYf.
Proposition 5.8 (Theorem 1.2(a)). Fiz f € K™*™. Then f' € K™*™ is an f-perturbation if

and only if f' € Xy.

Proof. If f' is an f-perturbation, then it descends to a map from K™ /(ker f)*+ = ker f to
(im f)*, by definition. Thus, it lies in Yy. If f' € Yy, then it is an f-perturbation if and only
if dimker f’ = dimim f = r, or equivalently, if and only if dimim f’ =m —r. Hence, f' € Y}
lies in X if and only if it has rank m — r. |

Definition 5.9 (parameter space of f-stabilizations). Given a sample f, the subvariety Xy C
X =K™™ defined in (5.1) is the parameter space of f-stabilizations.

Note that Proposition 5.6 gives a map from the space A’E 1l defined in (2.1) to the parameter
space X of f-stabilizations for each t=1,...,m.
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5.3. Complete collineations via sampling. In section 5.1 we have seen that, given a
sample f, an affine lift (f, fa2,..., f) of a complete collineation determines an f-stabilization
and the MLE given an f-stabilization is always unique. In section 8, we will see that this
uniquely determines an MLE given f if one exists (otherwise a A-MLE given f), by taking the
limit of the MLE given the stabilization, as the stabilization tends to the initial sample. Thus,
an f-stabilization can be viewed as a way of resolving the nonidentifiability of the MLE given
f. A natural question is whether the f-stabilization can be thought of as adding additional
data samples to the data matrix f. We have seen in section 5.1 that an f-stabilization can
be constructed from an affine lift of a complete collineation with first term f. Therefore, we
may instead ask whether an affine lift of such a complete collineation can be obtained via
sampling. We outline such a procedure below, noting its limitations.

The following is a procedure for obtaining an affine lift (f1,..., f;) of a complete collinea-
tion from P(K™) to P(K") with first term f:K™ — K". We assume n > m, which is without
loss of generality by section 4.1. If f has full rank, then ([f]) is a complete collineation. If
not, compute a basis for ker f. We think of it as consisting of dimker f new variables, each
of which is a linear combination of the original m variables. Sampling along a linear combi-
nation of variables appears in data analysis contexts such as [24]. Sample these new variables
dimcoker f = n — dim f times. This gives a dimcoker f x dimker f matrix. By identifying
coker f with (im f)* via the standard inner product on K", and choosing a basis for (im f)*,
this matrix determines a map fo : ker f — (im f)* = coker f. If fo has maximal rank, then
([f],[f2]) is a complete collineation, and we stop. If not, we follow the same procedure, re-
placing f by fs. Eventually, we reach f; of maximal rank, thus giving the desired affine lift
(fs f25-- 5 ft)

The above is a prodecure that takes as input a sample matrix f and outputs a stabilization.
This procedure falls short of being deterministic, because it depends on choices of bases: the
basis for ker f; and for (im f;)*. While the choice of basis for ker f; determines how the addi-
tional sampling must be done, the choice of basis for (im f;)* has no statistical significance—it
only determines how to turn the additional samples into the affine lift of a complete collina-
tion. It is unclear to us how the procedure could be modified so that there is a canonical way
from passing from the sample to such an affine lift. This question may be better answered
from a different perspective, by thinking about what statistical model might have the moduli
space of complete collineations as its space of samples. Section 10.2 explores this perspective.

6. MLEs given stabilizatiorls. Let G be a connected DAG on m vertices. We study
the MLE given a stabilization f := f + f’ in the DAG model on G. We obtain necessary
and sufficient conditions for the MLE given an f-stabilization f to be an MLE given f in
section 6.1. If an MLE given f does not exist, we study the analogous question for the A-
MLE, which always exists by Proposition 3.4. We study which MLEs can be obtained as the
MLE given a stabilization in section 6.2.

6.1. When is the MLE given an f-stabilization an MLE given f7?

Proposition 6.1 (When is the A-MLE given an f-stabilization a A-MLE given f?7). Fiz a
DAG G, a sample f, and an f-stabilization f = f + f'. Let f; be the columns of f and v;
the columns of f'. The A-MLE given f is a A-MLE given f in the DAG model on G if and

only if
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(6.1) fitvme(fj+vj:j—i)

for all child vertices i, where f;:= (g, i) (fi) and 07 := 10 ) (Vi)

Proof. For a vertex i of G, we call the components \;; of the A-MLE indexed by arrows
j — 1 the A;-MLE. We show that the A;-MLE given f is a A;-MLE given f if and only if (6.1)
holds. The A;-MLE for f consists of coefficients {\;;};—; such that

(6.2) T ooy (i F03) = Y Xig (f +05)-

J—>i
Using the containment (f; +v;:j — 1) C(fj:j—1) ® (vj:j — 1), we obtain
(Fi+vy5—) (T g5y o, iy (i + 03))

=T
=Tty 0,50) (T (i) @0y =) (Fi) T ft0,0500) (T oiye (0,25 —0) (Vi)
=7

(fit+v;:g—1) (ﬁ + Fz)a

T(f, 40,y (fi + 0i)

since (v1,...,vm) and (f1,..., fm) arve orthogonal. If f; +v; € (f; +v;:j — i), then
Tty (fi + 0i) = fi + 05

This is Zj—n‘ Xijfi+ Zj_n- Aijvj, by (6.2). We conclude that f; = Zj—n‘ Aij fj, again by the
orthogonality of (f1,..., fm) and (v1,...,vy). Hence, the A;-MLE for fis a A;-MLE for f.

Conversely, assume that the A;-MLE for f is a A;-MLE for f. This means f; =5 i Mg fi
for the same coefficients \;; as in (6.2). Define v; = >, ;vijv; and @ =3, (vij — Aij)vj.
Then

gy vgig—iy (Fi H 00) = Z Aij (fj ) = Z Aij [+ Z Aijvj = fi + 0 — .
J—t J—t J—1

We have z € (v; : j — 1), by definition. Moreover, x € (f; +v;:j — 4)*, since the projection
of fi +v; onto (f; +v; : j — i) differs from f; + v; by «. Hence, x - (f; + v;) = 0 for
all j — . But - (fj +vj) = - vj, since f; and x are orthogonal for all j — i. Hence,
x € (v;:j— i)t N (vj:j—1i) and we conclude that x = 0. [ |

If an MLE given f exists, we can ask when the MLE given an f-stabilization }’Vis an MLE
given f. Corollary 6.2 below gives a complete answer—this is Theorem 1.1(b).

Corollary 6.2 (When is the MLE given an f-stabilization an MLE given f?7). Fiz a DAG G,
sample f, and f-stabilization f = f + f'. Let f; denote the columns of f and v; the columns
of f'. Then the MLE given f in the DAG model on G is an MLE given f if and only if

(6.3) v € (vj:j—i) and fi+v € (fj+vjj—i)

for all child vertices i of G, where f; := g,y (fi)-

Remark 6.3 (sanity check). It follows from Corollary 6.2 that if the MLE given f does
not exist, then the condition given in (6.3) can never be satisfied by an f-stabilization f.
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This can be seen directly as follows. Suppose that the MLE given f does not exist. Then
there is some i with f; € (fj:j — i), so that f; = f;. Suppose fis an f-stabilization satisfying
(6.3). Then f; +v; € (fj +vj:j — 1), contradicting the existence of the MLE given ]7, by
Theorem 3.5.

Ezample 6.4. Consider the DAG 2 < 1 — 3 and the sample f with first column (1,0,0)
and second and third columns (0,1,1). This sample has a nonunique MLE by Theorem 3.5.
Any f-perturbation f’ must have as its first column (0,0,0), as its second column (0,0, a)
for some nonzero a € K, and as its third column (0,0, —a). Then the equations from (6.3)
reduce to ve,v3 € ((1,0,0)), which can never hold given that a # 0. Thus the MLE given an
f-stabilization can never be an MLE given f.

By contrast with Example 6.4, we will see in section 9 that for star-shaped graphs with a
single child vertex, and samples for which an MLE given the sample exists, the MLE given any
stabilization of the sample is an MLE given the original sample (see Proposition 9.1). It follows
that there are examples of graphs and samples for which the MLE given a stabilization of
the sample is always an MLE given the original sample, and examples where the MLE given
a stabilization of the sample is never an MLE given the original sample. The question of
whether there are examples for which the MLE given a stabilization of the sample is only
sometimes an MLE given the original sample remains open.

Question 6.5. Is there a DAG G and sample f such that an MLE given f exists, and for
some f-stabilizations the MLE given the stabilization is an MLE given f, yet for other it isn’t?

Proof of Corollary 6.2. Define the A;-MLE as in the proof of Proposition 6.1 and similarly
define the Q;-MLE to be the component w; of the Q-MLE indexed by i. Suppose that the A;-
MLE and Q-MLE given f are a A;-MLE and Q-MLE given f. Then fi+7; € (fj+v;:j — i),
by Proposition 6.1. The Q;-MLE given fis the norm of 7y o i (fi +vi) — fi —vi. This is,
equivalently, the norm of f; — f; +7; — v; since

T fi+vs:5—4) (fi+vi) = T fi+vs:5—4) (fi+70) = fi + 7.

The Q;-MLE given f is the norm of f; — f;. For the MLEs to coincide, the vectors f; — fi+7; —v;
and f; — f; must have the same norm. But given that 7; — v; lies in (f; — f;)*, this means the
vectors must be equal, so that v; =7;. Hence, v; € (v;:j —1).

For the other direction, suppose that f; +v; € (fj +vj: j — i) and v; € (v; : j — i). The
first condition ensures that the A;-MLE given ]?is a A;-MLE given f, by Proposition 6.1. It
remains to show that the Q;-MLE given fis the ©;-MLE given f. But this follows from the
fact that v; € (vj:j — 1), by the same calculations as in the previous paragraph. |

Remark 6.6. It is reasonable to wonder whether there always exists a stabilization of f
whose MLE is an MLE given f. Proposition 9.6 will show that this is not necessarily the case.

6.2. When is an MLE given f the MLE given an f-stabilization? Corollary 6.2 gives
necessary and sufficient conditions for the MLE given an f-stabilization to be an MLE given
f- It is natural to ask which MLEs given f are the MLE given some f-stabilization. We
reformulate this question geometrically, showing that it reduces to asking whether a locally
closed subvariety of the parameter space X from Definition 5.9 is nonempty. As a first step,
we characterise when, for a fixed MLE « given f, the MLE given an f-stabilization is also «.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaged Uo/10/26 10 65.112.6.19 . Redistribution subject to SIAM l1cense or copyrignt; see https.//epuns.siam.org/terms-privacy

278 G. BERCZI, E. HAMILTON, P. REICHENBACH, AND A. SEIGAL

Proposition 6.7. Let o be an MLE given f in a DAG model on G. Let \ denote the A-MLE
part of a. Fix an f-perturbation f', and let v; denote its columns. Then the MLE given
f=f+f"is aif and only if, for every child vertex 1,

(6.4) V; = Z)\Z'jvj.

Jj—1
Proof. Suppose that « is the MLE given ]? Since « is also an MLE given f, we have
v; € (vj:j—i) and fi+v € {fij+vj:j—i)

for all child vertices 4, where f; := (f,:j—i)(fi), by Corollary 6.2. Since A is a A-MLE given
f, we know that f; = Zj_n- Aij fj. Since A is also an A-MLE given f, we have

T(f, 4o,y (fi +0i) = Z Xij (5 +v5) = T (g iy (Fi +00) = fi + 0 = fi + vi.

J—

It follows from orthogonality of the f; and v; that v; =3 i AijUj, as required.
Conversely, suppose that v; = i Aijvj for all child vertices ¢. Then v; = v; and, since

fi=22 i Mijfj, it follows that f; +0;=3". ,; Nij(f; +vj) € (fj +v;: j —1). Hence,

T f 4,5y (fi + 03) = T g, 0,0y (Fi +0) =ﬁ+07'=z)\ij(fj +v5),
J—t
so that X is the A-MLE given f. Since 7; = v; and f; +7; = > jiNij(fj i) €(fi+vjj—d)

for all 7, by Corollary 6.2 we know that the Q-MLE given f is also an Q-MLE given f. The
latter is unique. Therefore, « is the MLE given f. |

We can use Proposition 6.7 to characterize geometrically when an MLE given f is the
MLE given an f-stabilization. Fix « an MLE given f, with A its A-MLE component. For
every child vertex i let Y, ; C X = K" ™ denote the linear subspace defined by

(6.5) Vi — Z )\Z'j’l}j =0.
J—
Define Y, =(),; Ya,i € X where the intersection is over all child vertices ¢, and

(6.6) Xf’a:YaﬂXf.

By construction, Xy, is a closed subvariety of Xy. Moreover, by Proposition 6.7 we have
that f € Xy, if and only if the MLE given f is a. We obtain the following, which is Theorem
1.2(b).

Corollary 6.8 (When is an MLE given f the MLE given an f-stabilization?). Let o be an
MLE given a sample f. Then « is the MLE given an f-stabilization if and only if X # 0.
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Definition 6.9 (parameter space of f-stabilizations with MLE «). Let f denote a sample, and
let o be an MLE given f. Then the closed subvariety Xy o © Xy is the parameter space of
f-stabilizations f such that « is the MLE given f.

The question of which MLEs given f can be obtained as MLEs given an f-stabilization
amounts, therefore, to determining whether Xy, is nonempty. We have given defining equa-
tions for Xy, in (6.5). This means that, in cases where the subvariety cannot be described
explicitly, we can apply techniques from algebraic geometry to determine whether the subva-
riety X, is nonempty; see [13] for K=C, and [2] for K=R.

Ezample 6.10 (example such that Xy, =0 for any ). Consider again the DAG and sample
from Example 6.4. Since the MLE given any f-stabilization is never an MLE given f, as
shown in Example 6.4, it follows that X, = () for any MLE « given f. This can also be
checked via Corollary 6.8. Indeed, given an MLE « given f, the equations in (6.5) reduce to
vy =v3 =0, so that Y, = CK®>*?, and therefore, X;, =Y, N X; = 0.

Ezample 6.11 (example such that X, # ) for a unique ). Consider the DAG 1 — 3 + 2
and sample

00
01
00
Then any A-MLE given f is of the form (0, As2) for some Ag2 € K. The equations from (6.5)
yield v3 — Ag2v2 = 0 as the defining equation of the variety Y,. Moreover, the variety X; in
this case can be described as 3 x 3 matrices with zeroes everywhere except for the middle of
the bottom row. Thus Y, N X is nonempty if and only if A3z =0, which uniquely determines

the MLE « given f. We note that in this case the A-component of « is the minimal norm
A-MLE.

Example 6.11 will be generalized in section 9, which will show that for star-shaped graphs,
sample f and MLE « given f, the variety Xy, is nonempty if and only if the A-component of
« is the minimal norm A-MLE (see Proposition 9.2). Examples 6.10 and 6.11 give examples
of DAGs and samples f such that X, is either empty for all MLEs « given f, or empty only
for one MLE « given f. The following is an open question.

Question 6.12. Is there a DAG, a sample f, and two distinct MLEs o and o' given f such
that Xy and Xy o are both nonempty?

7. Solutions of underdetermined linear systems using stabilizations. We investigate
how solutions to underdetermined linear systems of a particular form can be obtained from
limits of solutions to related full rank systems. In section 8 we will think of this limit solution
as a way to choose a unique A-MLE from a choice of infinitely many. We will see through
examples that the limit solution does not necessarily coincide with the minimal norm solution.

As in section 6, we fix the standard inner product on K”. Fix a matrix A € K"*? and a
vector b € K", with n > p. Let m4(b) denote the projection of b onto the column space of A.
We consider linear systems of the form

Az =m4(b).
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One solution is given by the pseudo-inverse x = A*m4(b). It is the unique solution if and
only if the matrix A has full column rank, in which case it is 2 = (ATA) "' AT74(b). Note that
AT7A(b) = ATh, by properties of the pseudoinverse.

In this section, we establish the following result.

Theorem 7.1. Let A(e) = A+ €E and b(e) = b+ ev, where A(e) has full column rank for
each € # 0 and the columns of A and b are orthogonal to the columns of E and to v. Let
z(e) = A(e) T ma(e)(b(€)). Then the limit

x = lim z(e)
e—0

exists and it is a solution to Az =m(b), with explicit description given in Corollary A.5.

The challenge in proving Theorem 7.1 is that the pseudo-inverse is not necessarily a
continuous function in the elements of the matrix. It is continuous if and only if A(e) and A
have the same rank for sufficiently small €; see [25]. When A(e) and A do not have the same
rank, the limit lim.,o(A(€))™ does not exist; consider, for example,

Ale) = (é 2) .

Luckily, we are not interested in A(e)* and its limit, but rather in A(e)™m 4. (b(€)) and its
limit. As we will see, multiplying by 7 4(c)(b(¢€)) resolves the discontinuity to give a well-defined
limit solution.

Remark 7.2 (connection to Tikhonov regularization). Given a matrix A € K"*? and a vector
b e K™ with n > p, ordinary least squares seeks to minimize || Az —b||2. The problem is ill-posed
if the solution is not unique. In this case Tikhonov regularization (see [30, 14, 16, 20, 23]) is a
method for obtaining a unique solution with desirable properties, by adding a regularization
term:

[|Az = bf|2 + ||[Tz|]2-

The matrix I', called the Tikhonov matrix, is chosen such that the regularized minimization
problem has a unique solution with desirable properties. The corresponding solution is

(7.1) z(I) = (ATA+TTT) " ATp,

Standard Tikhonov regularization refers to the situation where I''T is a scalar multiple of the
identity matrix. In this case, the solution z(T") tends to the minimal norm solution x = A™b
as the scalar tends to zero. Generalised Tikhonov regularization is the case where I''T" is not
the identity matrix. In this case, depending on I" and A, the solution z(I') may not have a
limit, as I" tends to the zero matrix and, even if it does, this limit may not be a solution of
the original minimization problem.

Theorem 7.1 relates to Tikhonov regularization, as follows. If we assume in the statement
of Theorem 7.1 that v =0 and set I' = € £, then the solution x(€) in Theorem 7.1 is the solution
to the Tikhonov regularized minimization problem in (7.1). If we assume, in addition, that the
columns of E are orthonormal, then ETE is the identity, and we are in the setting of standard
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Tikhonov regularization. In general, this condition will not be satisfied and Theorem 7.1 can
be viewed as introducing a new class of Tikhonov matrices for which the solution z(e) := z(T")
to the regularized minimization problem has a well-defined limit, as € tends to zero, and this
limit is a solution to the original minimization problem. In special cases this limit solution
coincides with the minimal norm solution, as is the case in standard Tikhonov regularization,
but, in general, the limit solution need not be the minimal norm solution; see Examples 7.3
and 9.4.

Ezample 7.3 (the limit of z(e) may not be the minimal norm solution). As mentioned in
Remark 7.2, in standard Tikhonov regularization the limit of the solution to the regularized
optimization problem is the minimal norm solution. For the generalized Tikhonov matrices
introduced in Theorem 7.1, this is not necessarily the case, as follows. Let

10 0 0 0
A=10 o], b=[1]|, and E=|0 0
0 0 0 0 1

Then Az = 74(b) has solutions 2 = (0,3)" for any 8 € K. The minimal norm solution is
zo = (0,0)7. If v = (0,0,0)T, then (A + e¢E)x(e) = TA(e)(b + €v) has solution z(e) = (0,0)T
for € # 0. Its limit as € tends to zero is the minimal norm solution. However, if instead
v=(0,0,1)T, then (A+ eE)x(e) = T 4(e)(b+ €v) has the solution z(e) = (0, 1)T. Its limit as €
tends to zero is (0,1)7, which is not the minimal norm solution.

In the above example, the solution to the regularized optimization problem is itself a
solution to the original problem, but this need not always be the case, as the next example
shows. Let

1 0 0O 00 0O 1 0
1 100 00 0O 1 0
A=11 11 0|, E=]|0 0 0 0], b=]1|, and v=1]0
00 0O 00 10 0 1
00 0O 0011 0 1
Then
1 2
1 0 5| —1
MO=1a | o T 2 ||
1 0

which tends to (1,0,0,1)T as € tends to zero. Note that this is again distinct from the minimal
norm solution (1,0,0,0)7.

Theorem 7.1 has the following geometric interpretation. The vector z(e)=A(€)Tm () (b(e))
gives the coefficients for the projection of b(e) onto the column space of A(e):

p

Ta@(0(€) =D zi(e)Ale),

i=1
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where x;(€) denotes the ith entry of x and A(e); the ith column of A(e). Theorem 7.1 implies
that these coefficients do not go off to infinity. Now we also have

(7.2) Tae)(b(€)) = T a(e) (b + €D),

where b = 74(b) and ¥ = mg(v). This follows from the proof of Proposition 6.1, since the
columns of A and b are orthogonal to the columns of F and to v. So instead of projecting
b(e) we can project b+ v, which is near the column space of A for small €, and hence also
near the column space of A(e) for small e. Therefore, Theorem 7.1 says, roughly, that if we
project a vector onto a subspace that is ““very close’ to it, the coefficients don’t go off to
infinity. This assumption is important because if we are projecting a vector that is “far away”’
from our subspace, the limit may not exist. We give two examples below to illustrate the two

behaviors.
=3 9t ) 00-(0) ()

Example 7.4. Fix
Then the conditions of Theorem 7.1 are satisfied for A(e) and b(e) so z(e) has a limit as € — 0.
It can be calculated as follows. We have 74 (b) =0, so the system Az = m4(b) has solutions ces
for any ¢ € K, where ez = (0,1)T. Moreover, we have 74 (b(€)) = b(e), so A(e)z = m4(¢) (b(€))
has unique solution z(e) = ez. Thus, x(e) has a limit as ¢ — 0, and this is a solution to
Az = m4(b). Note that the limit z = ey is not the solution obtained from the pseudo-inverse
A*b, which is the minimal norm solution (0,0)T.

Example 7.5. Fix

R I e

Since (0,1)T is not orthogonal to the second column F, the conditions of Theorem 7.1 are not
satisfied. We show that in this case x(€) does not have a finite limit as e — 0. Since 74(b) =0,
the system Az = m4(b) has solutions cez for any c € K. Since 74 (b(€)) = b(¢), the system
A(€)r =m(e)b(€) has unique solution x(e) = ey, This does not have a finite limit as e — 0.

The existence of the limit = lim.,gxz(e) is proven in Appendix A, where we give a
geometric and an algebraic argument. We show that lim._,ox(€) is a solution to Ax = mw4(b),
in Proposition 7.6 below.

Proposition 7.6 (the limit is a solution). Let A(e) = A+ €E and b(e) = b+ ev be as in
Theorem 7.1. Let z(¢) denote the unique solution to A(e)x(e) =T 4(¢)(b(€)) for e#0. Assume
that x :=lime_,g z(€) exists. Then x is a solution to Ax =74 (b).

Proof. We show that 74y (b(¢)) tends to ma(b) as € — 0. Let f; and v; denote the columns
of A and FE, respectively. For € > 0, each (f; + ev; : 1 <i < p) determines a point L, in the
Grassmannian G(p,n) of p-dimensional subspaces of K". Since G(p,n) is compact, there is
a limit subspace Ly € G(p,n) as € — 0. Choose a basis B!, ... ,bg for Ly. By the geometric
version of Nakayama’s lemma, this basis can be lifted to a basis 0f,..., b}, of L, for small e.
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Let M, be the n X p matrix with columns 05, ...,b,. Then
WA(e)(b(G)) =T A(e) (b+ev)=mp (b+ev) = MGME'|r (b+ €v).

Recall that the second equality follows from orthogonality of the columns of A and b with
the columns of F and v. Now lim._,o M, = My, and My has the same rank as M, for € # 0.
Therefore, we have lim._,o M = M, by [3] (see also [25]). Therefore,

lim_.o T A(e) (b(e)) = lime_y MEMCJF(B +ev) = MQMS_ (5)
=7, (b) =ma(b) =b=T7A(D). |

Remark 7.7 (Examples 7.4 and 7.5, revisited). The choices involved in the proof of Proposi-
tion 7.6 can be made explicit if we work with Example 7.4. In this example, we have n,p =2,
so G(p,n) consists of a single point, namely K2. Therefore, L. = Ly = K? for each € # 0. We
can take the standard basis {b9 = e1,b9 = €2} for L. This same basis is a lift to a basis of
L. = K? for any e, i.e., we take b = e; and b§ = ea. Then M, is the two by two identity
matrix.

Example 7.5 shows that if the columns of A and b are not orthogonal to the columns of
FE and v in Proposition 7.6, then the limit may not exist. Indeed, in this example it is not
the case that b is orthogonal to the columns of E, and the limit does not exist. We can see
explicitly where the proof of Proposition 7.6 fails if the orthogonality assumption does not
hold: orthogonality is used to show that m4()(b(€)) = m(¢)(b+ €v). This equality fails in the
case of Example 7.5: the left-hand side is the vector (0,¢)", while the right-hand side is the
zero vector.

8. MLEs given sample stabilizations in the limit. We gave necessary and sufficient con-
ditions for the MLE given an f-stabilization to be an MLE given f in section 6. In this
section, we consider the limit of the A-MLE or MLE given ]7(6) =f+ef ase— 0. Our
intuition is that the original data matrix was insufficient, in that its MLE did not exist or
was not unique. But the the stabilization is well-behaved, in that there is a unique MLE
given the stabilization. This motivates us to define a family of good matrices that tend to the
original data matrix, and to assess what happens to the MLE in the limit. We show that we
always obtain an MLE given f (if one exists, otherwise a A-MLE), in section 8.1. We study
which MLEs given f can be obtained as MLEs given f-stabilizations under such a limit, in
section 8.2.

8.1. The limit MLE given fexists and is an MLE given f. We prove that if f: f+rf
is an f-stabilization, then the MLE given f(€) := f + ef’ has a well-defined limit as € tends
to zero, and moreover, that this limit is an MLE given f if one exists. If the MLE given f
does not exist, then the previous statement remains true by considering the A-MLE. We also
describe the A-MLE and MLE given f that is picked out by this process. We start by proving

the result about A-MLEs, before turning to MLEs in Theorem 8.3.

Proposition 8.1 (limit A-MLE given an f-stabilization). Fiz a DAG G, a sample f, and an
f-stabilization f = f+ f'. Let f; denote the columns of f and v; the columns of f'. For each
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child vertex i, let Cl(e) := A] A; + eE] E;, where A; (respectively, E;) is the n x [pa(i)| matriz
with columns the subset of the f; (respectively, v;) such that j —i. Let f; = T (f,:5—0) (fi), and
let Vi = Ty, (vi). Let f(e) = f+e€f for e #0. Then we have the following results about
MLEs in the DAG model on G: B

(ag a unique A-MLE exists given f(e) for any € #0;

(b) fix a vertex i and suppose for simplicity that fi,..., f, and vi,...,v, are the columns

of f and f', respectively indexed by edges j — i. Then the A;-MLE given f(€) has a
well-defined limit as € tends to zero, given by

. fi-fi 1 V1 U5
! d adj C; () : +1 d adj C; () :
di—1 - del : del—1 :
tr ( T, adj Ci(e)ETE) € le=o 5T € " le=o vy T
where 1 €{0,...,p} denotes the smallest integer such that
dl—l L -
tr Py OadJ Ci(e) E'E | #0;
e=

(c) the limit of the A-MLE given f(¢) as € tends to zero is a A-MLE given f;

(d) if fi+v; € (fj+vj:j—i) for all vertices i, then the A-MLE given f(€) is independent
of € and is a A-MLE given f.

Proof. If f’is an f-perturbation, then ¢f’ is also an f-perturbation for any € # 0. There-
fore, f(e) is an f-stabilization for any € # 0 and so by Lemma 5.3 there is a unique MLE given
f. In particular, there is a unique A-MLE given f. This proves (a).

We now turn to (b) and (¢). We can find the A-MLE by finding each A;-MLE indepen-
dently. The A;-MLE given a sample Y are the coefficients );; in front of each Y in the
orthogonal projection of Y onto the span of {Y(j) :j —i}. Hence, they are the entries of
z in a linear system of the form Az = m(b), where A has the vectors YU) for j — i as its
columns and b=Y ). Therefore, the A;-MLE is not unique if and only if the linear system is
underdetermined. B

By definition, the A;-MLE given f(e) is the unique solution xz(€) to the linear system

(Ai + eEi)x(e) = T(p, 4 e, iy (fi + 00)-

Recall that the matrix A; + €E; is the matrix obtained from f + ef’ by picking out those
columns indexed by vertices j such that j — 4. Since the columns of f are orthogonal to the
columns of f’ by the definition of a sample stabilization, it follows that the columns of A; and
fi are orthogonal to the columns of E; and v;. We also know that f+¢f’ has full column rank,
since f+ef’ is an f-stabilization. Therefore, A; + €E; has full column rank for each € # 0. We
have thus shown that A;(e) = A; +€E; and f;(€) = f; + ev; satisfy the assumptions of Theorem
7.1. Tt follows that z(e) has a well-defined limit as e tends to zero, and moreover, that the
limit z(0) is a solution to A;z = f;. This ensures that the limit x(0) is a A;-MLE given f.
The formula is obtained from Corollary A.5.

It remains to show (d). If f; +; € (f; +vj:j —1), so that f; +7; = > ii ki (fj +vj) for

some p; € K, then the A;-MLE given f(e) is pi(e) = Zj_n- pjej, which is independent of €, by
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Lemma A.3. Hence, the limit A-MLE, which is a A-MLE given f, is also a A-MLE given f(e)
for any € # 0. [ |

Remark 8.2 (connection to Proposition 6.1). Proposition 8.1(d) is the reverse implication
of Proposition 6.1. We included it above because we prove it using a different method.

We build on Proposition 8.1 to obtain an analogous result about MLEs.

Theorem 8.3 (limit MLE given a sample stabilization). Fiz a DAG G, a sample f, and an
f-stabilization f:= f+ f'. Let f(€):= f+ef" for e 0. Then we have the following results
about M£E5 in the DAG model on G:

(a) f(€) has a unique MLE for any e #0;

(b) the MLE given f(€) has a well-defined limit as e — 0;

(c) if f has at least one MLE, then the limit is an MLE given f, more precisely the unique

MLE with A-MLE component given in Proposition 8.1(b);

(d) the MLE given f(e) is independent of € and an MLE given f if and only if
(8.1) v; € (vj:1j—i) and fi+v € (fj+vj:ij—i),

for all child vertices i, where f;:= T(f,:—i) (fi)-
Theorem 8.3(a) and (c) is Theorem 1.1(b), while Theorem 8.3(c) is Theorem 1.1(d).

Proof. For (a), see the proof of Proposition 8.1(a). By Proposition 8.1(b), the A-MLE
given f(e) has a well-defined limit as € — 0. It remains to show that the Q-MLE also has a

well-defined limit. The Q-MLE w(e) given f(e) has components

wi(e) = H7r<fj+5vj:j—>i> (fz + GUi) —fi— E'UiH-
We have

T(f,+evyj—iy (fi + €vi) = (5,00 (fi)

as € — 0, by the proof of Proposition 7.6. Since the limit commutes with taking the norm, it
follows that w;(e) tends to || (s,.j—) (fi) — fil| as € tends to zero. Therefore, the Q-MLE given
f(€) has a limit as e tends to zero, which proves (b). Moreover, if the Q-MLE given f exists,
then the limits |7y . (fi) — fil| for all j — i make up the Q-MLE given f. Together with
Proposition 8.1(b), this establishes (c). N

To prove (d), suppose first that the MLE given f(¢) is independent of € and an MLE given
f. The second assumption ensures by Corollary 6.2 that the equations in (8.1) are satisfied for
all child vertices j. Conversely, if these equations are satisfied, then they are also satisfied if
the v; and v; are replaced by ev; and ev; for € # 0. Therefore, the MLE given f(e€) is an MLE
given f, by Corollary 6.2. In particular, the Q-MLE given f(e) is the unique Q2-MLE given
f, which is independent of e. Moreover, if these equations are satisfied, then by Proposition
8.1(d) the A-MLE given f(e) is independent of € and also a A-MLE given f. This shows that
the MLE given f(e) is independent of € and an MLE given f. [ |

Remark 8.4 (strengthening Theorem 8.3(c)). Our proof of Theorem 8.3(¢) proves a stronger
statement, which does not require that an MLE given f exists: if an MLE exists on a subset
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of vertices, then the limit of the partial MLE given f(e) on these vertices is a partial MLE
given f.

We conclude this section by giving a name to the MLEs and A-MLEs obtained in the
limit.

Definition 8.5 (limit MLE given a sample stabilization). Given a sample f and an f-
stabilization f = f 4 f', the limit A-MLE given f is the limit as € tends to zero of the
A-MLE given f(e) = f+ef'. If the MLE given f exists, then the limit MLE given f is defined
analogously.

8.2. When is an MLE given f the limit MLE given an f-stabilization? We know that
for a sample f, the limit MLE given any f-stabilization is an MLE given f if f admits at
least one MLE, by Theorem 8.3. In this section, we address the following question: which
MLEs given f are limit MLEs given f-stabilizations? This question should be viewed as an
extension of the question posed in section 6.2 regarding which MLEs given f coincide with the
MLE given an f-stabilization. We approach the question geometrically, giving an analogue of
Corollary 6.8. We start first by answering the question for A-MLEs in Proposition 8.6 below.
The solution to the problem for MLEs will follow immediately; see Corollary 8.7.

The statement of Proposition 8.6 requires defining for a A-MLE X given f an associated
locally closed subvariety X hm of the parameter space Xy C X = K"*™ of f-stabilizations

defined in section 5.2. This subvariety will parametrize f-stabilizations fsuch that the limit
A-MLE given f is A. To define X}ig\‘, fix a sample f and A a A-MLE given f. Let \; denote
the A;-MLE for each child vertex i. We represent ); as a column vector of length |pa(7)|.
By Proposition 8.1(b) and Corollary A.5 we know that for any f-perturbation f and any
vertex 4, the limit of the A;-MLE given f(e) = f + €f’ as € tends to zero equals D;/¢;, where
[ is defined in Corollary A.5, and D; and ¢; are defined in (A.11) and (A.12), respectively.
We are therefore interested in whether or not there exists an f-stabilization f = f + f’ in the

parameter space Xy such that the following equation is satisfied for each vertex i:
(8.2) Cl)\z' — Dl =0.

Each entry in the above vector can be viewed as a polynomial in the entries of f’. Therefore,
(8:2) cuts out a closed subvariety Xy : hm of Xy defined by the vanishing of the polynomial
equations appearing in the entries of the vector in the left-hand side of (8.2). Let

hm ﬂXz Jim C Xf,
J

where the intersection ranges over all child vertices j of G. This is a closed subvariety of the
parameter space X of f-stabilizations, with defining equations given explicitly by (8.2). We
have thus proved the following.

Proposition 8.6 (When is a A-MLE given f the limit A-MLE given an f-stabilization?). Let
f denote a sample, and let A be a A-MLE given f. Then

lim
Xlmc x;
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parametrizes those f-stabilizations such that the A-MLE given J?(e) = f+ef tends to )\ as €
tends to zero. In particular, the A-MLE X given f is the limit A-MLE given an f-stabilization
if and only if

X}{T 4.

We can use Proposition 8.6 to answer the analogous question for MLEs rather than A-
MLEs, as per Corollary 8.7 below which corresponds to Theorem 1.2(c).

Corollary 8.7 (When is an MLE given f the limit MLE given an f-stabilization?). Assume an
MLE « exists given sample f. Then X}Hg C Xy parameterizes the f-stabilizations f such that

the limit MLE given f is a. In particular, a is a limit MLE given an f-stabilization if and
only if X}}fg #0.

Proof. Let X\ denote the A-MLE component of o. By Proposition 8.6 we know that flies
in X}“i‘ if and only if its limit A-MLE is A. But by Theorem 8.3(c) we also know that the
limit MLE is an MLE given f, as by assumption f has at least one MLE. Since 2-MLEs are
unique, there is a unique MLE given f with a fixed A-MLE component. The MLE « has this
property; therefore, the limit MLE given fis « as required. |

Corollary 8.7 shows that X}}IE parametrizes those f-stabilizations fin Xy satisfying the
property that the limit MLE given f is «, which leads us naturally to the following.

Definition 8.8 (parameter space of f-stabilizations with limit MLE «). Let f denote a sam-
ple, and let a be an MLE given f. Then the closed subvariety

XfnC Xy

of the parameter space of f-stabilizations is the parameter space of f-stabilizations f such
that « is the limit MLE given f.

9. Star-shaped graphs. Maximum likelihood estimation in a DAG model on a general
DAG G defines a coupled collection of linear regression problems, one for each vertex with
parents. The building block of such a process is the regression of a single vertex onto its
parents. This is the special case of a star-shaped graph G. These are connected graphs with a
single child vertex; see Figure 1. Statistical models determined by graphs of this type express
the child node as a linear combination of the parent nodes plus noise, via a single linear
regression. In section 9.1, we consider the case where the MLE exists. In section 9.2, we
consider the case where the MLE does not exist.

9.1. When the MLE exists. We show that for a star-shaped G, if the MLE exists given a
sample f, then the MLE given any f-stabilization is the same: the minimal norm MLE given
f. We apply results from section 6 to prove this. First, we show that the conditions given in
Corollary 6.2 are satisfied for all f-stabilizations. These characterize when the MLE given an
f-stabilization is an MLE given f. We prove this in Proposition 9.1. Second, we show that
only one MLE given f can be obtained in this way and describe it explicitly; see Proposition
9.2 below. This gives an explicit description of the parameter spaces Xy, from Definition 6.9,
for all samples f and MLEs « given f; see Corollary 9.3.
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Proposition 9.1 (the MLE given any f-stabilization is an MLE given f). Fiz a star-shaped
graph G on m vertices. Let f be a sample, and let f be a stabilization of f. Assume the MLE
given f exists. Then the MLE given f is an MLE given f.

Proof. Without loss of generality, the unique child vertex is vertex m. Let f' be any
f-perturbation. To show that the MLE given f = f + f’ is an MLE given f, by applying
Corollary 6.2 to a star-shaped graph it suffices to show that

Vm €(viti—m) and  fo, +Um € (fi +vi i —m).
We will starting by proving
(9.1) <f,;—|—vi:2'—>m>:<fz-:i—>m>€B<vi:i—>m>,

which implies that f,, + U, € (f; + v; : @ — m), since f,, and o, lie in (f; : i — m) and
(v; 1 i — m), respectively.
We have

(9.2) (fitviti=>m)C(fi:i—=>m)®(vi:i—m)C(fi:i—m)d(vi,...,0m).

The left-hand side has dimension equal to the number of parents of m, namely m — 1, since
the rows of f are linearly independent. We now show that the right-hand side has dimension
less than or equal to m — 1.

By definition of an f-perturbation, the map f’: K" — K" has kernel of dimension r :=
dimim f. Then the span of the columns vy,...,v,, of f has dimension m — r, and the span
of the columns fq,..., f, of f has dimension r. Since the MLE given f exists, we know that
fm & (fi 1 — m). Therefore, dim(f; : i — m) =r — 1. It follows that the right-hand side of
(9.2) has dimension m — 1. As a result, the inclusions in (9.2) above must all be equalities,
giving (9.1).

It remains to show that v, € (v; : i — m). In fact, we will show the stronger statement
that v,, = 0. Recall that f’ has kernel equal to (ker f)*. Therefore, to show that v,, = 0, it
suffices to show that the standard basis vector e, := (0,...,0,1) € K™ lies in (ker f)* =im fT,
as vy, = f'(€m). Since the MLE given f exists, we know that f,, ¢ (f; : i — m), so that x :=
fim— fm #0. Note that = € (f1,..., fn). By construction = € (f; :i — m)*; therefore, f;-x =0
for all i — m. Note also that f,, - #0, since otherwise = € (f1,..., fu) "N {(f1,..., fm) = {0},
which contradicts x # 0. Therefore, fT(z) = e, so that e, €im fT as required. |

We now strengthen Proposition 9.1. That is, in Proposition 9.2 below we show that for a
sample f such that an MLE given f exists, not only do we have that the MLEs given f are
MLEs given f for any f-stabilization f, but also that only one MLE given f can be obtained
in this way, namely the minimal norm MLE given f. This is Theorem 1.3.

Proposition 9.2 (the MLE given any f-stabilization is the minimal norm MLE given f). Fiz
a star-shaped graph G on m wvertices, and let f denote a sample such that an MLE given f
exists. Then the A-MLE given any stabilization f of f is the minimal norm A-MLE given f.

Corollary 9.3 below gives an explicit description of the parameter space Xy, from sec-
tion 6.2, for any sample f for which « is an MLE given f.
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Corollary 9.3. Fixz a connected DAG G on m vertices with a unique child vertex, and let f
denote a sample such that an MLE given f exists. Let o denote any MLE given f. Then

0 if a is not the minimal norm MLE given f;

X2 Xfa= o - .
Xy if a is the minimal norm MLE given f.

Proof of Proposition 9.2. By relabeling the vertices of G if necessary we can assume that
m is the unique child vertex. Let f = f 4 f’ denote a stabilization of f.

The MLE given f is an MLE given f, by Proposition 9.1. Moreover, in the proof of
Proposition 9.1 we have also shown that v, =0, where v, is the last column of f'. To show
that the MLE given f is the minimal norm MLE given f, recall that the A-MLE {A\im }ism
given f is determined by the equation

fm+Um = Z Aim fi + Z AimVi-
1—m 1—m

Since U, =0 =0, the coefficients Aiy, satisfy >, . Aim fi = fm and Y imsm Aimv; =0, using
the fact that the v; and f; are orthogonal to each other. The latter equation is equivalent to
asking that the vector Ay, = (Aims A2m, -« s Am—1,m) lies in ker f/ where f/, is obtained from
f' by removing the last column. Let f,, denote the matrix obtained by removing the last
column of f. Then the minimal norm MLE given f has as its A-MLE the solution to the
system f,,& = f, which lies in (ker f,,,)*. We claim now that (ker f,,)* =ker f/ .

By definition of a sample perturbation, we know that (ker f)*~ =ker f’. Since v,, =0, the
rows of f/ and of f,, are also orthogonal to each other; therefore, (ker f,,,)* C ker f/.. To
show that equality holds, we calculate the dimension of each side. Since f,,, ¢ (f; :i — m) by
semistability of f, on the left-hand side we have

dim(ker f,)* = dimim f,, = dimim f — 1.
Since vy, =0, we also have that dimker f/, = dimker ' —1. So on the right-hand side we have
dimker f; =dimker f' — 1= dim(ker f)* — 1 =dimim f — 1.
Thus, (ker f,,)* =ker f . Hence, the MLE given f is the minimal norm MLE given f. [ |

For general DAG models, we do not expect the above results to continue to hold for all
samples f whose MLE exists. Below is an explicit counterexample.

Ezample 9.4. Let G be the graph
X1
» O

and let

~

Il
SO O =
OO O =
O = =
O~ = O

i

Il
= O O O
N O OO

O O O
w O O O
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The sum f+ f’ is a stabilization, since the rows of f are orthogonal to those of f’, and likewise
the columns of f are orthogonal to those of f’, and the matrix f + f’ is full rank. The MLEs
given f in the model on G are the scalars \;; for all edges j — ¢ that satisfy A3 + A3z =1,
A41 + Ag2 =0. The MLEs given f + ef’ are

A31=5, dsa=-4, Apn=3, Ap=-3.

This is not the mimimal norm solution.

9.2. When the MLE does not exist. Since the A-MLE always exists, we study which
A-MLEs can be achieved as the A-MLE given a stabilization. We may also ask which A-MLEs
can be achieved as the limit A-MLE given a stabilization. We address both these questions
through specific examples.

Proposition 9.5 below gives an example of a DAG G and sample f such that the A-MLE
given any f-stabilization is a A-MLE given f. It also shows that any A-MLE given f can be
obtained as the A-MLE given an f-stabilization. This is in contrast with Proposition 9.2 in
section 9.1 above, where only one A-MLE can be obtained. Finally, it provides an explicit

description of the varieties X}”}\l appearing in Proposition 8.6.

Proposition 9.5. Let G denote the DAG 1 — 3 < 2, and let f denote the sample with
first column f1 = (1,0,...,0) and zero second and third column. Then the A-MLE given any
f-stabilization is an MLE given f, and moreover, any A-MLE X of f can be achieved as the
A-MLE given a suitable f-stabilization. In addition, given a A-MLE X\=(0,b) of f, we have

X = {f € Xy vy vy =b(va va)},

where vo and vs are the second and third columns of f’, respectively.

Proof. The A-MLEs given f are pairs of the form (0,b) for b € K. We now show that
the A-MLE given any f-stabilization has this form. A map f’ : K™ — K" with columns
v1,v9,v3 is an f-perturbation if and only if v; =0 (to ensure im f’ C (im f)*), vo, v3 have zero
first entry (to ensure that (ker f)* C ker f) and are linearly independent (to give equality
(ker f/)* =ker f). Choose such an f-perturbation f.

Then the A-MLE given f = f + f’ is the pair (c,d) such that

T futor, fatvs) (f3 F03) = cf1 + dva.

But

7r<f1+1)1,f2+1)2> (ﬁ + 73) = 7T<f1,’U2> (2}73) = /1)737

since U3 € (v2). Here f3 = 74, 5) (f3) and U3 = 7y, 4,y (v3). Therefore, cfy + dvy =73 € (v2).
Since vy and f1 are orthogonal, it follows that ¢ = 0 and that dvo = 3. Therefore, d =
vg - v3/v2 - va. In other words, the A-MLE given f is the pair (0,vg - v3/v9 - v2), which is a
well-defined A-MLE given f. Note that we could also obtain this result by showing instead
that the condition of Proposition 6.1 holds, but the direct proof we have given also proves the
second part of Proposition 9.5. Indeed, given any A-MLE (0,b) of f, we can always find an
f-perturbation f” such that v - v3 =b(vy - v3).
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The equation above defines a quadratic @, in Xy, and the A-MLE given fis (0,b) (which
coincides with the limit A-MLE given f) if and only if f € Q. Therefore, setting A = (0,0)
we have

X =XrNQp={f€Xy:(va,v3) =b(v,v2)}. "

We now give an example of a sample f such that the A-MLE given any f-stabilization is
never a A-MLE given f. We use this example to illustrate Proposition 8.1, by describing the
A-MLE given f(€) = f +ef’ for any f-stabilization f = f + f’ and its limit as e — 0.

Proposition 9.6. Let G denote the DAG 1 — 3+ 2. Let f denote the sample with first col-
umn f1 =(1,0,...,0), second column fo=(1,1,0,...,0), and third column f3=(2,1,0,...,0),
with unique A-MLE given f equal to (1,1). Then the A-MLE given any f-stabilization is not
(1,1). Moreover, the A-MLE given f(€) = f +ef’ for any f-stabilization f=f+ " and e £0

(e,

Proof. Let f’ denote an f-perturbation. Then f’ has columns —v, —v,v for some nonzero
v with zero first and second entries. The A-MLE given f = f + f’ is the pair («, ) such that

T(fi—v, fo—v) (f3 T V) = (f1 —v) + B(f2 —v).

We claim that the A-MLE given fis not (1,1), the unique A-MLE given f. By Proposition
6.1, this follows from the fact that f3 + v does not lie in (f; — v, fo —v).

We can check directly that the A-MLE given fis not a A-MLE given f. To calculate the
A-MLE given f, observe that (f; — v, fo —v) = (f1 — v,e2), where es is the second standard
basis vector in K™. Since the vectors in the latter span are orthogonal, we have

which tends to (1,1) as e — 0.

T fr—v, fomv) ([3 V) = T0f ey (f3 +0)

(Ao (fstv) . ez (fs +v)
_(fl—v)'(fl—v)(f1 o)+ e
:m(el—v)—l—(el—l—eg—v).

Therefore, the A-MLE given fis
1—2v-v

Since v is nonzero, we have that («, 8) # (1,1) for any f. An analogous calculation to the one

above shows that the A-MLE given f(e) is
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This expression, while never equal to the unique A-MLE (1, 1) given f for € # 0, tends to (1,1)
as € tends to zero. |

The above results suggest the following open questions, which are open even for DAG
models on star-shaped graphs.

Question 9.7. Given a DAG G, can we characterize those samples f such that the A-
MLE given any f-stabilization is a A-MLE given f? Is there a sample f such that some
f-stabilizations have as their A-MLE a A-MLE given f, but others do not? Is there an
unstable sample f and A-MLE X\ of f such that X}ig\‘ is empty or all of Xy ?

Regarding the first question, Proposition 9.1 shows that for DAG models on star-shaped
graphs all samples f such that an MLE given f exists have this property, whilst Proposi-
tions 9.5 and 9.6 show that unstable samples may or may not have this property. We conjec-
ture, based on these results, that for star-shaped graphs the A-MLE given any f-stabilization
of a sample f is a A-MLE given f either if an MLE given f exists, or if f does not admit any
linear dependencies amongst the unique set of parents.

10. Outlook. We explore in section 10.1 the statistical implications of our results and
conclude in section 10.2 with an open problem.

10.1. Statistical implications. Our results can be interpreted as providing a method for
resolving nonidentifiability of the MLE in DAG models. Consider a DAG model on a DAG G
and a sample matrix Y € K™*™. If the MLE given Y is not unique, then section 5.3 describes
a way of performing some additional sampling (involving a strictly smaller number of samples
and measurements than those needed to obtain Y') to obtain an affine lift (Y7,...,Y;) of a
complete collineation with first term Y7 =Y, which can be packaged into a Y-stabilization
Y =Y + Y’ using the construction given in section 5.1. Any Y obtained in this way has
the property that the MLE given Y (e) := Y + €Y’ is unique for any ¢ # 0 and that, as
€ tends to zero, the MLE tends to an MLE given Y if one exists (if not, then the result
holds for the A-MLE). Thus, choosing a stabilization Y is a way of singling out a unique
MLE given Y, which, moreover, has a statistical interpretation in that it is the MLE given a
perturbation of Y. The unique MLE given Y that is picked out by a stabilization will depend
on the stabilization: different choices of stabilization may pick out different MLEs given Y.
In special cases, the MLE given Y obtained from a Y-stabilization is independendent of the
stabilization and coincides with the minimal norm MLE.

10.2. Complete collineations as the sample space for a statistical model. This paper
gives a way to package an affine lift of a complete collineation P(K™) — P(K") into a sample
matrix for a DAG model on m vertices. Samples constructed in this way have the advantage
that the associated MLE always exists and is unique. In light of this, it is reasonable to ask
whether there exists a statistical model such that samples for this model are from the outset
affine lifts of complete collineations from P(K™) to P(K") for some n. If such a model were
to exist, our expectation based on the results proved in this paper is that the MLE given any
sample for this model would always exist and be unique.

Gaussian group models [1] may offer a promising starting point in the search of such a
model, if we assume that G is transitive. In this case the DAG model on G coincides with the
Gaussian group model determined by the representation of the group G(G) on K™, where
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G(G):={a€ GLy(K) | a;; =0 for all i # j such that j /4 in G}.

The representation of G(G) on K™ naturally extends to a representation on (K™)" for any
n. This is the right multiplication action of G(G) on Mat,xm (K), which induces a right
multiplication action on P(Hom(K™,K")). Since M is a blow-up of P(Hom(K™,K")) along
G(G)-invariant centers, it has an induced action of G(G). By contrast to P(Hom(K™,K")),
the moduli space M is not of the form P(U) with the G(G) action induced by a representation
G(G) — GL(U), so it is not obvious how to associate to the action of G(G) on M a Gaussian
group model.

One approach is to use the fact that the action of G(G) on M is linear, so that M can be
embedded G(G)-equivariantly inside a larger projective space P(U), with G(G) acting linearly
on P(U) via a representation G(G) — GL(U). This representation does indeed gives rise to a
Gaussian group model. Unfortunately, this is not quite the model we are after. The sample
space is too big: we are interested only in the subvariety of those samples corresponding to
complete collineations, and it is unclear how to interpret the condition that [f] € P(U) lies in
M in a statistically meaningful way. Moreover, it is unclear how to relate MLEs for this new
model to MLEs for the original model.

A remaining open problem then is whether there is another statistical model that can be
constructed from the action of G(G) on M, one in which samples are affine lifts of complete
collineations, MLEs given samples are always unique, and MLEs can be more easily related
to those of the DAG model on G.

Appendix A. Existence of the limit in Theorem 7.1. In this appendix, we give two
proofs that the limit in Theorem 7.1 exists.

A.1. Geometric proof. We prove the first part of Theorem 7.1, that the limit lim._,oz(€)
exists, via a geometric argument. Recall that x(e) for € # 0 is defined by the equation

A(e)z(e) = ma(e) (b(e)),

where A(e) = A+ €eE and b(e) = b+ ev with the columns of A and b orthogonal to the columns
of £ and v. Let f1,...,f, and v1,...,v, denote the columns of A and F, respectively. Then
the coefficients z;(e) of the vector x(e) satisfy

p

(A.1) TA@e) (b + ev) :Za:l(e)(fZ + ev;).

=1

The orthogonality assumptions ensure that 740 (b+ €v) = m4(¢) (b + €v), where b= (b) and
v =mg(v), by (7.2). We can therefore assume without loss of generality that b and v lie in
the column spaces of A and E, respectively (if not, then we just work with b and v instead).

By replacing some of the f; and v; by their negatives if necessary, we can assume that
b+ ev sits inside the positive orthant, i.e., that z;(¢) > 0 for 1 <i < p. Our aim is to show that
the coefficients x;(€) are bounded. This is enough to conclude that lime_,o(x;(€)) exists for
each i, by the following argument. As A(e) has full rank for each € # 0, we have the following
formula for z(e) when € # 0:

z(e) = (A(e)TA(€)) T Ae) o (b(e))-
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Figure 2. Sketch of the setup of Lemma A.2.

Since the entries of the vector on the right-hand side are rational functions in €, so are the
coefficients of z(e). But a bounded rational function in e has a finite limit as e — 0.

To prove that the coefficients z;(¢) are bounded above, we start by applying the projection
) =74,y to both sides of (A.1). This yields

(A.2) T (Tae b+ ) = Y a i (fi + ev) = €3 ai(e)mh (v).
i=1 =1

Our aim is to show that the left-hand side of (A.2) is bounded above by a quantity proportional
to € for small enough €. We use the following two lemmas.

Lemma A.l. Let P,S be subspaces of K" with P C S. Then projections g and wp1
commaudte.

Proof. If U,V are subspaces of K" satisfying V- C U, then

Ty O Ty = T(UnV)aV+: O TV = Tunv © Ty + Ty oMy =Tyny.

Therefore, the composition of projections is a projection itself (onto UNV'), so the projections
commute. Applying this result with U = S and V = P yields the desired result. |

Lemma A.2. Let S,S" € G(p,n) denote two subspaces of K™ of dimension p. Let

d(S,8)= sup d(u,5),
u€S,|ul=1

where d(u,S") is the distance between u and S’. Then if d(S,S") < e < 1/4, for any unit vector
v €K™, we have |tg(v) — mg (v)| < 4e.

Proof. Assume that d(S,S’) < e < 1/4. Let |v| =1 be a unit vector, and let $'*(v) C K"
be the affine space orthogonal to S’ and passing through v. First, assume that 7g/ (v) and

m5(v) are both nonzero, and let w € SN .S (v) be any point in the intersection SN S’ (v);
see Figure 2. Observe that mg (v) = mg (w). Then

(A-3) 75 (v) = wer (v)] < |msr (v) = w| + |75 (v) — w| =d(w, ) + |ws(v) — w].
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We wish to bound the two terms on the right-hand side of (A.3). First, we show that
d(w,S") < 2e. Let 7 denote the angle formed by the subspaces S and S’. For € small enough
we have cos(7) # 0. Then

_me(w)| s (v)] 1
[l = cos(T)  cos(T) = cos(T)’

So by choosing ¢ sufficiently small we can ensure that |w| < 2. By definition of d(S5,S),
d !
d(S,Sl)Zd<w,Sl>: ('U}7S)

|wl |w]

Therefore, d(w,S") = |w|d(S,S") < 2d(S,S") < 2e. Next, we show that |7g(v) — w| < 2¢e. Let

z = |:z EZ” be the unit vector in direction 7g(v). The two triangles

(v,w,ms(v)) and (0,2, ms (2))
are similar as they have two equal angles; see Figure 2. Their scaling ratio is

v = w]

2]

=lv—w| < |v]+ |w|=|w|<2.

By similarity of the triangles,
s (v) — wl
s (2) — 2|
and hence |rg(v) —w| < 2|z — mg(2)] = 2d(2,5) < 2d(S,S") = 2e. Hence, from (A.3) we have
ITs(v) — mer (V)] < d(w, S") + |75 (v) — w| < 2€ + 2€ = 4e.

=|v—w|,

Finally, we consider the case where 7g/(v) = 0 (the case mg(v) = 0 is similar). Assume first that
g (v) = 0. Then |rg(v) — mg (v)| = |rs(v)|, and the triangles (0,v,7mg(v)) and (0,z,7g (2))
are congruent (isometric). Hence,

Ims(v)| =z — 75 (2)] =d(z,5) <e. [ |

We use Lemmas A.1 and A.2 to show that the left-hand side of (A.2) is bounded above
by a quantity proportional to e. Let L¢ := (fi + evi,..., fp + €vp), and let Ly denote the
limit of L¢ as € — 0 in the Grassmannian G(p,n) of p-dimensionsal subspaces of R". Since
(f1,---, fp) € Lo, we can apply Lemma A.1 with P = (fi,..., f,) and S = Ly to obtain

(A.4) Tx (L, (b + €v)) = mr, (w5 (b + ev)) = emp, (14(0)),

where the second equality follows from 75 (b) = 0 (since b lies in the column space of A by
assumption). Therefore, by (A.2) we have

€ Z 7 () =T (g (0 + ev))
i=1
(A.5) (T (b+ €v)) + mk (1, (b+ €v)) — w2, (b + ev)
m (mao (b4 €0) +emr, (75 (0)) = i (i, (b+ ev)) by (A4)

= e, (T5(0)) + T (T (b+ €0)) = 71, (b + €v)).

A

™
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We can use Lemma A.2 to bound the norm of the difference 74(¢)(b + ev) — 7, (b + €v) =
7L, (b+ev) — 7w, (b+ ev), by setting S = L, and S’ = Ly. Note that by definition

d(Le, Lo) < d(fi + evs, fi) = €|vi
for 1 <4 <p and hence

d(La LO) < €max ’Uz|
7

Then, provided that e max; |v;| < i, we obtain
b+ ev b+ ev <4 i
T | 0—— | -7 €max |v;
L |b+ ev| Lo b+ ev| i

(A.6) 1T a(e) (b + €v) — 7L, (b+ €ev)| < de|b+ ev| max [v;| < 4e(|b] + [v]) max [v;].

by Lemma A.2. Hence,

Projecting onto the orthogonal complement of the column space of A can only decrease the
norm, hence we obtain from (A.2), (A.5), and (A.6) that

p
(A7) TA(Ta@ (0+ €v) =€y _wi(e)lms(v)] < elmr, (m5(v))] + de(|b] + [v]) max vy
i=1
Since x;(€) > 0, it follows that the z;(e) are bounded above, with bound

33(6)< | Lo(‘A(U))| 4(|b|+|v|)max, |/U1,’
)
AX1<i<p |HA(UZ')‘

A.2. Algebraic proof. We now prove the first part of Theorem 7.1 again, via an algebraic
argument. The algebraic approach has the advantage that it also gives an explicit description
of the limit. We assume in this section that K =R. The proof over K = C is identical as long
as we replace the transpose by the conjugate transpose.

Let A(e) = A+ €E and b(¢) =b+ ev be as in Theorem 7.1. Then the unique solution z(e)
to A(e)x(e) =ma(e)(b(e€)) is given by

z(€) = A(e)Tm () (b+ ev).

Let f; denote the columns of A and v; the columns of E. Define b = 74(b) and 7 = mg(v).
Then T A(e) (b(e)) = WA(E)(b + €v), by (7.2).
Since A(e) has full column rank by assumption for € # 0, its pseudo-inverse is

A(e)t = (A(e)T(A(e) " Ae)T
Therefore,

z(e) = (A(e)TA(e)) L A(e) TA(e) (A(e) T Ale)) L A(e) T (b + €m)
= (A(e)TA(e))Ale) T (b + ev).
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Define C(e) := A(e)TA(e). Note that C(e) = ATA + 2ETE, since the columns of A are
orthogonal to those of E. Then

fi1-b+ €y -

(A.8) z(e)=C(e) T A(e)T(b+ ev) = deth(e) adj C(e)

S

fp~5+62vp-6

We seek an expression for x(€) without powers of € in the denominator. We begin with
the case where b+ lies in (f; +v;: 1 <@ <p). This is the same assumption as in Proposition
6.1.

Lemma A.3. Suppose b+7v € (f; +v;:1<i<p), so thatb+7v= S pi(fi +vi) for some
w; € K. Let e; be the ith standard basis vector in KP. Then for all e, we have xz(e) = Zle i€

Proof. We can assume that b+ = f; + v; for some 1 <i <p. The case where b+7 is a
general linear combination follows similarly. We want to prove that z(e) = e;. We give both
an algebraic and a geometric proof of this result. We start with the algebraic proof.

From (A.8) we see that the ith entry of z(e) is 1/ det C(e) times the dot product of the ith
row of adj C(€) with thei-th column of C(e). The latter is det C'(e), in its cofactor expansion
along the ith column of C(e). Hence, the ith entry of z(e¢) is 1. Now take i #1 € {1,...,p}.
The [-th entry of x(e) is 1/ det(e) times the dot product of the [th row of adjC(e) with the
ith column of C(e). Since [ # i, this is a cofactor expansion using a different column, and
therefore, the expression vanishes. Hence, z(¢) =e;.

The geometric proof is as follows. The entries of z(e) are the coefficients in front of
{fi +ev;:1<i<p} in the projection of b+ €v to (f; + ev; : 1 <i < p). Since we are assuming
b+7v = f; +v;, we have b= f; and T =v; by the orthogonality assumptions. Therefore,

-----

So x(€) = e;. [ |

We now turn to the general case. Since € only appears in z(e) with even powers, to simplify
calculations we let

(A.9) C'(e)=ATA+¢E"E

and consider the following vector:

]|

1 f1 : B +€vy -
(A]_O) .'E/(E) = m adJ C/(E) :

S|

fp-5+ﬁvp-

Note that lim¢_,o2'(¢) exists if and only if lim,_,oz(¢) exists, since z(¢) = 2’(¢?). We expand
the polynomial det C’(¢) as

(A.11) det C'(€) = co + c1e + co€® + -+ - + cpeP
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for some coefficients ¢; € K. Similarly, we write
f1 b +€evy-v

(A.12) adj C’ (e) : =Dy+ Die+ -+ Dpe?
fp-btevy-T

for some column vectors D;, since the entries are polynomials in e. Then

_ Do+ Dict -+ Dpe?

(A.13) 7' (e) .
co+cre+ -+ cpeP

We see that lim._,o 2’ (€) exists if and only if whenever ¢ =0 for all k < (for some 0 <1 <p),
we have Dy =0 for all k <I.
We now describe the coefficients ¢;. First,

co=detC(0)=det AT A,

since to obtain the constant term in e, only the matrix ATA need be considered. We use
Jacobi’s formula for the derivative of a determinant to calculate

Cl = —

/ . / d /
de|_, det C'(e) =tr (adJ C (e)@C (e)) (0)
=tr((adjC"(0))ETE) =tr((adj ATA)ETE).

We apply Jacobi’s formula again to compute cs:
1 d? d 1d

— det C’ =— —

e=0 <d€ ¢ C (6)> 2 d€

=533 tr((adjC’(e))ETE).

e=0

=L@
detC’(e)—2 7

2

e=0

Proceeding in this way, we obtain

1 dl*l

for all i € {1,...,p}. We now turn to the coefficients D;. Expanding (A.13) gives

adj C’(e)> ETE>

e=0

fi-b v T
(A.15) Do+ Die+ -+ DypeP = adjC'(e) : +eadjC’(e) :
fo-b Up U
It follows that
fi-b fi-b
Do=adjC'(0) | : |=adjATA| :
fp-b fp-b
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The coefficient Dy is the sum of the degree 1 part of adj C’(e) multiplied by the vector with
entries f; - b, and the degree 0 part of adjC’(e¢) multiplied by the vector with entries v; - v.
Therefore, we have

p fi-b vy U
(A.16) Dy=—| adjC'(e)| : | +adjC’(0)
de e=0 - _
fp-b Vp T
Proceeding in this way, we obtain for all i € {1,...,p} that
w1 b=t e " L LA e o
' Tidd| T ) TG der |t
fp-b Up v

We want to show that if ¢; =0 for all ¢ <[ (for some 0 <! <p), then D; =0 for all i <.
The following lemma achieves this. Indeed, conditions (a) and (b) together ensure that D; =0
for all ¢ <1, based on the expression for D; given in (A.17) above.

Lemma A.4. Fiz 0 <1 <p and suppose that c; =0 for all i <1. Then

(a) %|€:0 adjC’(e) =0 for all i <1;

(b) Llc—oadjC’(e)ATA=0.

Proof. We use strong induction. We start with the base case [ = 0, so we assume that
co =0. For (a) there is nothing to check, since [ =0. To show (b), it is enough to show that

fi- fx
adic’(0)| : | =o0
fp'fk
for each k € {1,...,p}. Now adjC’(0) = AT A, and we have that
Jie fe
adjAT A : =(0,...,0,det ATA,0,...,0)T,
fp'fk

where det AT A appears in the kth entry, by the same cofactor expansion argument as in the
proof of Lemma A.3. Since cg = det ATA =0, it follows that the above expression vanishes,
which shows (b) when [ = 0. This establishes the base case.

Fix some 1 <[ <p and suppose that ¢; =0 for all i <[. Assume the following:
(aj—1) %‘ 0adj C'(e)=0for all k<l —1;

(bi_1) j—) adj C"(€)ATA=0.

We wish to show the following:
(@) | _ adjC'(e)=0;

(o) & _,adi C'(e)ATA=0.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaged Uo/10/26 10 65.112.6.19 . Redistribution subject to SIAM l1cense or copyrignt; see https.//epuns.siam.org/terms-privacy

300 G. BERCZI, E. HAMILTON, P. REICHENBACH, AND A. SEIGAL

We start by proving (a;). By (b—1) we know that % oadj C'(e)AT A = 0. Therefore, it is

sufficient to show that
dl—l

adjC'(€)ETE =0,
e=0
since ATA+ETE = (A+E)T(A4E) is invertible. We now prove (A.18) using the assumptions
¢; =0 and (a;—;). Using the expression for ¢; given in (A.14) we have

-1
de 0

=
If % adj C'(e) is positive semidefinite, then the product inside the trace in (A.19) is zero.
This is gggause ETE is positive semidefinite and the trace of a product of positive semidefinite
matrices is zero if and only if the product is zero. We can establish that %‘ adjC’(e) is
positive semidefinite using (b;—1). By (b;—1), we know that 0

.~ 1 A B [ d
adjC'(e) =€ <Cl(€lle_0adJC(6))+€ (del _
!

=t A adjC’(e) | +¢ 4 adjC’(e) | + -+
N dei=1|._, ) del|._, ) ’

The matrix C’(¢) is positive semidefinite. Hence, lim,_,oe~*! adjC’(¢) is positive semidefinite.
But this limit is

. adj C”(e)> +--

€=

dlfl

F adJ C/(ﬁ).

e=0

Hence, the product inside the trace in (A.19) is zero. This proves (a;). To show (b;), it is
enough to show that for any k€ {1,...,p} we have

J o fi- fr
2 ., adj C’(e) : =0.
B fp : fk
Expanding the expression on the left-hand side gives
" J1- fe +evr- v -1 vy - Uk
F a,dJ C/(E) — € <dll adJ C/(E))
€ le=0 € e=0
fp- fr+evp- v Up Vg
dl , dl—l , U1 Uk
= <d€l o detC (6)) € — € <d6l_1 — adJ C <€)>
Up * Vg

This is zero, because j—; 0det C’(€) =0 and the product inside the trace in (A.19) is zero.
This proves (by). - [ ]

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaged Uo/10/26 10 65.112.6.19 . Redistribution subject to SIAM l1cense or copyrignt; see https.//epuns.siam.org/terms-privacy

COMPLETE COLLINEATIONS FOR ML ESTIMATION 301

Corollary A'5. Let A(e) = A+€E and b(e) =b~+ev be as in Theorem 7.1. Let {fi,..., fp} be
the columns of A, and let {v1,...,v,} be the columns of E. Define b=m4(b) and v =7g(v).
Let C'(€) be defined as at (A.9). Let x(¢) be the unique solution to A(e)x(e) = ma(¢)(b(e)).
Then the limit lime_,o x(€) exists and equals Dy/c;, where | =0 if A has full rank, and if not
denotes the smallest integer in {1,...,p} with tr(%kzo adjC’(e)ETE) #0.

Proof. Since ¢; =0 for all ¢ <[, by Lemma A.4 we have D; =0 for all i <[ (based on the
expression for D; given in (A.17)), so that

1

_ _Di+ D -
Cl€2l + Cl+162l+2

Cl+Cl+1€2+"' '

z(e) T <D162’+Dz+1621+2+“')

Therefore, the limit of z(€) as e tends to zero exists, and equals D;/¢;. [ |
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