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Abstract

We count singular vector tuples of a system of tensors assigned to the edges of a directed
hypergraph. To do so, we study the generalisation of quivers to directed hypergraphs.
Assigning vector spaces to the nodes of a hypergraph and multilinear maps to its
hyperedges gives a hyperquiver representation. Hyperquiver representations gener-
alise quiver representations (where all hyperedges are edges) and tensors (where there
is only one multilinear map). The singular vectors of a hyperquiver representation
are a compatible assignment of vectors to the nodes. We compute the dimension and
degree of the variety of singular vectors of a sufficiently generic hyperquiver repre-
sentation. Our formula specialises to known results that count the singular vectors and
eigenvectors of a generic tensor. Lastly, we study a hypergraph generalisation of the
inverse tensor eigenvalue problem and solve it algorithmically.

Keywords Tensors - Singular vectors - Eigenvectors - Quiver representations - Chern
classes - Inverse eigenvalue problems

Mathematics Subject Classification 14D21 - 14C17 - 15A69 - 15A18 - 16G20 - 05C65

1 Introduction

The theory of quiver representations provides a unifying framework for some funda-
mental concepts in linear algebra [8]. In this paper, we introduce and study a natural
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Foundations of Computational Mathematics

generalisation of quiver representations, designed to analogously serve the needs of
multilinear algebra.

Quiver Representations and Matrix Spectra. A quiver Q consists of finite sets
V and E, whose elements are called vertices and edges respectively, along with two
functions s, ¢ : E — V sending each edge to its source and target vertex. It is cus-
tomary to write e : i — j for the edge e with s(e) = i and 7(e) = j. The definition
does not prohibit self-loops s(e) = #(e) nor parallel edges ey, ez : i — j. A repre-
sentation (U, o) of Q assigns a finite-dimensional vector space U; to eachi € V and
alinear map . : U; — Uj toeache :i — jin E. Originally introduced by Gabriel
to study finite-dimensional algebras [29], quiver representations have since become
ubiquitous in mathematics. They appear prominently in disparate fields ranging from
representation theory and algebraic geometry [19] to topological data analysis [45].
In most of these appearances, the crucial task is to classify the representations of a
given quiver up to isomorphism. This amounts in practice to cataloguing the indecom-
posable representations; i.e., those that cannot be expressed as direct sums of smaller
nontrivial representations.

For all but a handful of quivers, the set of indecomposables (up to isomorphism) is
complicated, and such a classification is hopeless [29]. Nevertheless, one may follow
the spirit of [51] and use quivers to encode compatibility constraints with spectral
interpretations. We work with representations that assign vector spaces U; = C%
to each vertex and matrices A, : C% — C% to each edge. We denote the quiver
representation by (d, A), where d := (dy, ..., d,) is the dimension vector. Let [x] €
P(C“) denote the projectivisation of anon-zerox € C%. We define the singular vectors
of a quiver representation (d, A) to consist of tuples ([X,-] e P(C%) i e V) for which
there exist scalars (A, | e € E) so that the compatibility constraint A.x; = A.X; holds
across eachedge e : i — j. Standard notions from linear algebra arise as special cases
of such singular vectors, see also Fig. 1:

(a) The eigenvectors of a matrix A : C? — C? are the singular vectors of the rep-
resentation of the Jordan quiver that assigns C¢ to the unique node and A to the
unique edge.

(b) The singular vectors of a matrix A : C% — C® arise from the representation of
the directed cycle of length 2, with A assigned to one edge and A " assigned to the
other.

(c) The generalised eigenvectors of a pair of matrices A, B : C¢ — C? —i.e., non-
zero solutions x to Ax = A - Bx for some A € C — are the singular vectors of the
representation of the Kronecker quiver with A on one edge and B on the other.

For d = di = d», a generic instance of any of these three quiver representations
has d singular vectors.
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Fig.1 Quiver representations corresponding to (a) the eigenvectors of a matrix, (b) the singular vectors of
a matrix, (c) the generalised eigenvectors of a pair of matrices

Hyperquiver Representations and Tensors. This century has witnessed progress
towards extending the spectral theory of matrices to the multilinear setting of tensors
[48].Givenatensor T € CN' @ - -®@C we write T (X, . . . S X1, Xjql, oo X)) €
C4 for the vector with i-th coordinate

d djiq djn dp,
Do D DD Tt (X0 - (1) (i), - (K
i1=l ij=lij=1 im=l1

Eigenvectors and singular vectors of tensors were introduced in [42, 47]. The eigen-
vectors of T € (C4)®" are all non-zero x € C¢ satisfying

T(-,X,...,X) =XA-X,

for some scalar A € C. In the special case of matrices, this reduces to the familiar
formula Ax = Ax. Similarly, the singular vectors of atensor 7 € C¥ @ - - - ® C are
the tuples of vectors (X1, ..., X;) € Ch x ... x (Cd", with each x; # 0, satisfying

T(X],...,Xjfl, '5Xj+1"'~7xﬂ)=lu’jxj

for all j. This specialises for matrices to the familiar pair of conditions Axy = p1X)
and ATx| = U2X).

Eigenvectors and singular vectors have been computed for special classes of tensors
in [49, 50]; they have been used to study hypergraphs [6, 48] and to learn parameters
in latent variable models [4, 5]. They have a variational interpretation as being the
critical points of certain optimisation problems [42]. It is well known that the singular
vectors of a tensor 7 € RY @ - -- ® R% are both the critical points [27] of the best
rank-1 approximation

min min |7 —a-X1 ® --- X, s.t. [xi]|=---|Ixul| =1
x; R4 a€R

and the spectral norm functional

max 7T (Xi,...,X,) St x| =---|xull=1
XiERdi
FolCTM
e
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The eigenvectors of a symmetric tensor T € (RY)®" are likewise the critical points of
similar optimisation problems. For various definitions of the symmetric Laplacian ten-
sor and degree tensor A, B € (R?)®" of an m-regular hypergraph G, the eigenvalues
of G are the critical values of the optimisation problem

AKX, ..., X)
min —— s.t. x| =1 (1.1)
xeR4 B(X, ...,X)

These eigenvalues and eigenvectors give bounds for Cheeger-like inequalities for G
and can be used to perform hypergraph clustering [14, 15, 37, 43].

In order to create the appropriate generalisation of quiver singular vectors to sub-
sume these notions from the spectral theory of tensors, we generalise from quivers
to hyperquivers. In general, hyperquivers are obtained from quivers by allowing the
source and target maps s,¢ : E — V to be multivalued. For our purposes, it suf-
fices to consider hyperquivers where each edge e € E has a single target vertex. The
hyperedge e now has a tuple of sources (s1(e), s2(e), ..., s,(e)) € V# for some e-
dependent integer p. A representation R = (d, T') of such a hyperquiver assigns to
each vertex i a vector space C% and to each edge e a tensor

T, € Ce ® C%1 Q---® Cdxﬂ(e)_

We identify a vector space C¢ with its dual (C¢)*, allowing us to view the tensor T,
as a multilinear map

"
T.: [Jc%© — cdeo
j=1

(Xsl(e), cees Xs,t(e)) = Te(-, Xs1(e)s v Xsu(e))-

Our hyperquiver representations reduce to usual quiver representations when each
edge has u = 1.

A singular vector of a representation R is a tuple ([x;] € P(C%) |i € V) that
satisfies

Te(‘vxila""xiu)z)\'e'xjv (12)

for some scalar A., across every edge e € E of the form (i, ...,i,) — j. We work
with vectors in a product of projective spaces, since we require the vectors to be non-
zero (as for the singular vectors of a matrix) and moreover because the equation (1.2)
still holds after non-zero rescaling of each x;, albeit for different scalars A.

Perhaps the simplest nontrivial family of examples is furnished by starting with
the quiver with a single vertex and a single hyperedge with m — 1 source vertices
— we call this the m-Jordan hyperquiver. Consider the representation that assigns, to
the vertex, the vector space C? for some dimension d > 0, and to the edge, a tensor
T € (C4®™ seen as a multilinear map T : (C?)™~1 — C that contracts vectors
along the last © = m — 1 modes of T'; see Fig.2a for the case m = 3. The singular
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Fig. 2 Examples of hyperquiver representations corresponding to (a) the eigenvectors of a tensor, (b) the
singular vectors of a tensor, and (c) the generalised eigenvectors of a pair of tensors

vectors of this representation are all [x] € P(C%) satisfying 7(-, X, X,...,X) = A-X
for some scalar & € C. The singular vectors of the representation are therefore the
eigenvectors of the tensor 7.

The compatibility conditions that define singular vectors can be reframed in terms
of the vanishing of minors of suitable d; x 2 matrices. For a sufficiently generic
hyperquiver representation R, we will see that its singular vectors form a smooth,
multiprojective variety in [ [,y P(C%) which we call the singular vector variety and
denote by S(R). This variety simultaneously forms a multilinear (and projective) gen-
eralisation of the linear space of sections of a quiver representation from [51], and a
multi-tensor generalisation of the set of singular vectors of a single tensor from [27].
The property that a point lies in S(R) is equivariant under an orthogonal change of
basis on each vector space, as is true for the singular vectors of a matrix, as follows. Let

([x1], ..., [x:D) € I]; cv P(C%) be a singular vector tuple of a hyperquiver represen-
tation with tensors 7, € C%© @ C%1© - .. ® C%1© and let 0O1,..., O, beatuple
of complex orthogonal matrices; i.e., QIT Q; = Ig;. Then ([Q1x1],...,[Qnxs]) isa

singular vector tuple of the hyperquiver representation where each 7, has its source
components multiplied by QST/_ © and target component multiplied by Q). We expect
the topology of this variety, particularly its (co)homology groups, to provide rich and
interesting isomorphism invariants for hyperquiver representations.

Main Result. We derive exact and explicit formulas for the dimension and degree
of S(R) when R is a sufficiently generic representation of a given hyperquiver. Here
is a simplified version, in the special case when all vector spaces are of the same
dimension.

Theorem 1.1 Let R = (d, T) be a generic representation of a hyperquiver H =
(V,E)ywithd =(d,d,...,d).Let N = (d—1)(|V|—|E]). IfN <0, then SR) = @.
If N > 0, let D be the coefficient of (]_L.Ev h,-)d_l in the polynomial

N d n(e)
Z Z k=1 pd—k ,
< hl) ’ 1_[ ( ht(e) 'hs(e)> . where hy) = E :th(e)'
ieV ecE \k=1 j=1

Then S(R) = D ifand only if D = 0. Otherwise, S(R) has dimension N and degree D.
Moreover, if dim S(R) = 0, then each singular vector tuple occurs with multiplicity 1.

FolCT
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Fig.3 The light-green

hyperedge is the contraction T

T(-,X,y) and the dark-green

hyperedge is the contraction

T(x, -,y), where x,y € C3 are

on the left and right vertices (C3 (C3
respectively

T

Example 1.2 Let R be the hyperquiver representation in Fig. 3, with T € C@C3®@C3
a generic tensor. We have N = (3 — 1)(2 — 2) = 0. We seek the coefficient D of the
monomial h%h% in the polynomial

2
((m + h2)? 4 hy(hy + o) + h%) = 9ht + 18h3hy + 15h3h3 + 6y h3 + h3.

We see that D = 15. Hence the singular vector variety S(R) has dimension N = 0
and consists of 15 singular vector tuples, each occurring with multiplicity 1.

Our argument follows the work of Friedland and Ottaviani from [27] — we first
construct a vector bundle whose generic global sections have the singular vectors of R
as their zero set, and then apply a variant of Bertini’s theorem to count singular vectors
by computing the top Chern class of the bundle. The authors of [27] compute the
number of singular vectors of a single generic tensor — this corresponds to counting
the singular vectors of the hyperquiver representation depicted in Fig.2b. Here we
derive general formulas to describe the algebraic variety of singular vectors for an
arbitrary network of (sufficiently generic) tensors.

Related Work. Special cases of our degree formula, all in the case dim S(R) = 0,
recover existing results from the literature — see [12] and [26, Corollary 3.2] for
eigenvector counts, [27] for singular vector counts, and [20, 27] for generalised eigen-
vector counts. In addition, [44, 46] study the asymptotic and stabilisation behaviour
of singular vector counts. Other recent work that builds upon the approach in [27]
includes [22, 52] which study the span of the singular vector tuples, [54] which stud-
ies tensors determined by their singular vectors, and the current work [2] which uses
a related setup to count totally mixed Nash equilibria. The eigenscheme of a matrix
[1] and ternary tensor [7] is a scheme-theoretic version of S(R) for the Jordan quiver
in Fig. 1a and the hyperquiver in Fig. 2a.

QOutline. The rest of this paper is organised as follows. In Sect.2 we introduce
hyperquiver representations and their singular vector varieties. We state our main
result, Theorem 3.1, in Sect. 3 and describe a few of its applications. The construction of
the vector bundle corresponding to a hyperquiver representation is given in Sect. 4, and
our Bertini-type theorem — which we hope will be of independent interest —is proved in
Sect. 5. We show that for generic R the hypotheses of the Bertini theorem are satisfied
by the associated vector bundle in Sect. 6, and compute its top Chern class in Sect. 7.
In Sect.8, we consider an application of hyperquiver representations in multilinear
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algebra, where we address the inverse eigenvalue problem of finding representations
which admit a given collection of vectors as their singular vectors. For completeness,
we have collected relevant results from intersection theory in Appendix A.

2 The Singular Vector Variety

We establish notation for hyperquiver representations, define their singular vector
varieties, and highlight the genericity condition which plays a key role in the sequel.
Without loss of generality, we henceforth assume V = [n], where [n] := {1, ..., n}
forn e N.

Definition 2.1 A hyperquiver H = (V, E) consists of a finite set of vertices V of size
|V| = n and a finite set of hyperedges E. For each hyperedge e € E we have

(i) anon-negative integer 1 (e) called the index of e
(i) a tuple of vertices v(e) € VH#O+! called the vertices of e.

For brevity, we may refer to a hyperedge as an edge and write p as a shorthand
for w(e). The j-th entry of tuple v(e) is denoted s;(e) € V. The tuple s(e) :=
(so(e), s1(e), ..., s, (e)) are the sources of e, and the vertex #(e) := so(e) is the target
of e.

Remark 2.2 Usual quivers are the special case with u = 1 forall e € E. Definition 2.1
does not exclude entries of s(e) being equal to #(e), nor does it exclude multiple
hyperedges with the same tuple v(e).

We now define representations of hyperquivers. The definition works for vector
spaces over any field, but we focus on C.

Definition 2.3 Fix a hyperquiver H = (V, E). Letd = (dy, . .., d,) be a dimension
vector. A representation R = (d, T') of H assigns

(i) A vector space C% to each vertex i € V.
(ii) A tensor T, € C° to each hyperedge e € E, where C¢ := C%© @ C%10 ®...®
C%u© which is viewed as a multilinear map [T C%i© — o,

We define for brevity
Te(xx(e)) = Te('yxsl(e), -~~’Xs,l(e))~ 2.1

We say that two tensors T, and T, agree up to permutation if the tuples v(e) and v(e’)
agree up to a permutation o and

(Te)io,i1 ,,,,, i,,_ - (Te’)l'g(o),ig(l),...,ia(ﬂ)~

Remark 2.4 In standard quiver representation theory, abstract vector spaces and linear
maps are assigned to vertices and edges, respectively. Aligning with other works in the
tensor literature, in this paper we fix a choice of basis for each vector space to identify
EIO oy
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C4% with its dual (C%)*, allowing us to assign transposes of matrices or permutations
of tensors along the edges. We do not equip the vector spaces with their standard
Hermitian inner product (u, v)c = Zle u;v; foru,v € C4. Instead, contraction
of tensors will be performed with the standard real inner product u'v = (u, v)g =
Z?: L uiv; foru, v e C4. We will choose bases over C to consist of real vectors that
are orthonormal with respectto (-, - )r, see [7, Remark 1.1]. The fact that this pairing
is degenerate over C?, i.e. there are non-zero u € C? with u"u = 0, will play a role
later in the paper.

Our main result finds the dimension and degree of the singular vector variety for
a hyperquiver representation with sufficiently general tensors on the hyperedges. We
say that a property P holds for a generic point of an irreducible affine variety V if
there exists a Zariski-open set U in V such that P holds for all points in U. We call
any point of such a U a generic point of V. One way that a hyperquiver representation
can be sufficiently generic is for the tuple of tensors (7, | e € E) assigned to its edges
to be generic; that is, a generic point of [] ecE ®f.‘:(f)) C%i© _ This holds, for example,
in Fig. 1a and c. But our notion of genericity allows tensors on different hyperedges
to coincide, as in Fig. Ib. Our genericity condition is encoded by a partition of the
hyperedges.

Definition 2.5 (Genericity of a hyperquiver representation)

(1) A partition of a hyperquiver H = (V, E) is a partition of its hyperedges E =
]_[ﬁwzl E, such that for any hyperedges e, ¢, ¢’ € E,,

(a) the indices w(e) and w(e’) equal the same number

(b) the tuples v(e) and v(e’) coincide up to a permutation o of the set
{0, 1, ..., u}, which must be the identity permutation if ¢ = ¢’

(¢c) if o and o’ are the permutations in (b) for v(e) — v(e’) and v(e”) — v(e)
respectively, and if e # €”, then o (0) # o’ (0).

(ii) The partition of a representation R = (d, T') is the unique partition of H such
that for any e, ¢’ € E,, the tensors on e and ¢’ agree up to a permutation o.

(iii) The representation R = (d, T') is generic if given hyperedges e, € E, for
r € [M], the tuple of tensors (Tel, Te, ..., TEM) is a generic point in ]_[f/’[:1 Cer.

Definition 2.6 The set of singular vector tuples S(R) of a representation R consists
of tuples x = ([x11], ..., [x,]) € [/, P(C%) such that

Te(Xs(e)) = )\ext(e% 2.2)
for some scalar A, € C, for every edge e € E.

Remark 2.7 The scalars A, in (2.2) can be thought of as the singular values of the
singular vector tuple (X1, ..., X, ). However, the non-homogeneity of (2.2) means that
rescaling vectors in the tuple can change the singular values. We say that a singular
vector tuple has a singular value zero if A, = 0 for some edge ¢ € E.

Elol:;ﬂ
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The singular vector tuples x = ([x1], ..., [x,]) are the tuples whose d;) x 2
matrix

| |
M.(x):=|T. (Xs(e)) Xt(e)
| |

has rank < 1 for all e € E. The rank of this matrix depends only on the points [Xx;] €
]P’((Cdf ), and not on the vectors X; € C4 . Therefore, the set of singular vector tuples
S(R) is a scheme in the multiprojective space X = [[/_,; P(C%), whose defining
equations are the 2 x 2 minors of all matrices M, (x) for e € E. When R is a generic
representation, our main Theorem 3.1 in the next section shows that S(R) is in fact a
smooth variety. Thus, when R is a generic representation, we call S(R) the singular
vector variety of R. When we speak of the degree of the singular vector variety S(R),
we refer to the degree of its image under the Segre embedding s : X — PP, for
D=][[_,di—1

Example 2.8 Being a singular vector tuple is not invariant under an arbitrary change of
basis. For example, the quiver in Fig. 1b with a generic square matrix A : C¢ — C?
has d singular vector pairs ([x], [y]). However, there exist change of basis matri-
ces My, M» € GL(d, C) such that M2AM1_1 = Iy, and the identity matrix I; has
infinitely many singular vector pairs: all pairs ([z], [z]). Therefore, the singular vec-
tor variety is not GL(d;, C)-invariant. As discussed in the introduction and in [7,
Remark 1.1] and [48, Theorem 2.20], the property of being a singular vector tuple is
preserved by an complex orthogonal change of basis. Therefore, the singular vector
variety is O (d;, C)-invariant, with respect to the standard real inner product between
two complex vectors, see Remark 2.4.

3 Main Theorem and its Consequences

In this section, we present our main result in full generality and study its consequences.
Recall that a vector u € C¢ is isotropic if u"u = 0, see Remark 2.4.

Theorem 3.1 LetR = (d, T') be a generic hyperquiver representation and S (R) be the
set of singular vector tuples of R. Let N = ), .y (di — 1) =Y ,cp(diey— D). If N <0,
then S(R) = @. If N > 0, let D be the coefficient of the monomial h?l_l e hf,l"_l in
the polynomial

N di(e) - w(e)
(Zh,) JTUD o ra b ™ |, where hyey = hye. GB.1)

ieV ecE \k=1 j=1

Then S(R) = @ if and only if D = 0. Otherwise, S(R) is a smooth variety of pure

dimension N and has degree D. If R has finitely many singular vector tuples, then

each singular vector tuple is of multiplicity 1, is not isotropic, and has no singular
value equal to 0.

Elol:';”
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Note that the partition from Definition 2.5 does not appear in the statement of
Theorem 3.1: the partition provides a genericity condition for the result to hold, but
the dimension and degree of the singular vector variety do not depend on the partition.
Next we give a sufficient condition for a hyperquiver representation to consist of
finitely many points. This condition applies to Fig.2a and b, but not to Fig. 2c.

Corollary 3.2 The hyperquivers that have finitely many singular vector tuples in a
generic representation, for any choice of dimension vector, are those whose vertices
each have exactly one incoming hyperedge.

Proof If dimS(R) =N =),y (di — 1) — ) ,cp(die) — 1) = 0 for all dimensions
di,then) ;. (di —1) =) ,.p(die) — 1) as polynomials in the variables d;. Each d;
appears exactly once on the left hand side of the equation. Hence it must also appear
exactly once on the right hand side. Therefore |V | = |E| and every i € V has exactly
one ¢ € E withi = 1(e). O

We show how Theorem 3.1 specialises to count the eigenvectors and singular vectors
of a generic tensor, as well as to count the solutions to the generalised eigenproblem
from [20].

Example 3.3 (Eigenvectors of a tensor) We continue our discussion from the intro-
duction. The representation of the m-Jordan hyperquiver with a generic tensor
T € (C%)®™ on its hyperedge is generic in the sense of Definition 2.5, since we
have only one hyperedge. There are finitely many eigenvectors, by Corollary 3.2. The
polynomial (3.1) is

d a (m — 14 — 1

W1 (om — Dhyd* = ( (m — l)dk) pd—1 — : pd-1
> > P
k=1 k=1

The coefficient of h9~! is % This agrees with the count for the number of
eigenvectors of a generic tensor from [12, Theorem 1.2] and [26, Corollary 3.2].

We now consider singular vectors of partially symmetric tensors. Letm = wo+w1+
---+w) be a partition where wp = 0 and each w; is a positive integer for j € [p]. Let
® = (w1, ...,wp) and let §¢ (CY) denote the subspace of ®{’:1 (C4)®@i consisting
of tensors 7T that are partially symmetric with respect to w, i.e. T;, . ;,, is invariant
under any permutation of the indices in the k-th group of indices i j,, ij 41, ..., i ji4aw;
where jr = 1 + Z];;(l)a)j, for k € [p]. Then when p = mand w = (1,...,1),
§2(CY) is the space of all tensors Ch®-.-@C%, and when p = 1 and w = m, it is
the space of symmetric tensors in (C¢)®™,

A symmetric singular vector tuple of T € S(C9) is a singular vector tuple of
the form ([x1], ..., [x1], ..., [xp],.... [xp]) € ]_[5;1 P(Cdi)“’f. Thus when p = m, a
symmetric singular vector tuple is a singular vector tuple of a tensor, and when p = 1,
it is an eigenvector of a symmetric tensor. A result of Friedland and Ottaviani [27] is:

Theorem 3.4 (Friedland and Ottaviani [27, Theorem 12]) The number of symmetric

singular vectors of a generic partially symmetric tensor T € S®(C9) is the coefficient
Elol:;ﬂ
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of the monomial h’flfl e h(,f"_l in the polynomial
}?di _ hd,'
]_[ ﬁ where h; := (w; — Dhi — Z wihj, i €pl. (3.2)
ie[py "t Jelp\(i}

Each singular vector tuple is of multiplicity 1, is not isotropic, and does not have
singular value 0.

The count in the above result interpolates between the number of singular vectors
of a generic tensor when p = m, and the number of eigenvectors of a generic sym-
metric tensor when p = 1, which is the same count in Example 3.3 for a generic
non-symmetric tensor. We explain how Theorem 3.4 follows from Theorem 3.1. We
consider the p = m case and then partially symmetric tensors in general.

Example 3.5 (Singular vectors of a tensor) Consider the hyperquiver with n vertices
V = [n] and n hyperedges. For every vertexi € V,thereis a hyperedge ¢; with s(e;) =
1,...,i—1,i+1,...,n)andtargett(e) = i. Consider the representation that assigns
the vector space C% to each vertex and the same generic tensor T € C/ @ - - - ® C%
to each hyperedge. On each edge e;, the tensor T is seen as a multilinear map

T:Ch x ... x Chi-1 x Clitt x ... x C% — C4%

(Xl"-'5xiflvxi+la"-7Xn) = T(X]a""xl‘717 '7Xl'+1""7xn)'

This representation is generic in the sense of Definition 2.5, where the partition of the
edge set E has size M = 1 and the permutation o sending v(e;) to v(e;) is the one that
swaps i and j and keeps all other entries fixed. Figure 2b illustrates this representation
for n = 3. The singular vector variety consists of all non-zero vectors x; € C% such
that T (Xs(¢)) = AeXs(e) for some A, € C and all e € E, where T (X;()) is defined in
(2.1). That is, the singular vector variety consists of all singular vector tuples of 7.
Corollary 3.2 shows that there are finitely many singular vector tuples. The polynomial
(3.1) specialises to

l_[ th‘lﬁ?d"_k , where h; = Z hj, ie[n].

i€[n] \k=1 Jeln\{i}

This is equivalent to (3.2) and [27, Theorem 1], via the identity x;:f;" =
ZZ_] xk—lyn—k.

Example 3.6 (Symmetric singular vectors of a partially symmetric tensor) Suppose
T € C? @ C?®® C3 is a generic tensor that is partially symmetric in its first two
entries: T;jx = Tjix. Then a symmetric singular vector tuple ([x], [x], [y]) € P(C3) X
P(C3) x P(C?3) is defined by the equations

FolCT
i
@Springer L0



Foundations of Computational Mathematics

Fig.4 A representation

corresponding to the symmetric T

singular vector tuples of a

partially symmetric tensor

Tijk = Tjik- The light-green

and dark-green edges are the (C3 C3
contractions T (x, -,y) and

T (x, X, -) respectively 7’

[T(x,x, )] =yl
[T(X7 ] Y)] = [X]»
[7TC,x,y)] = [x]

in P(C?. We notice that one of these equations is redundant since
T, -,y) = T(-,x,y) by partial symmetry. Thus, we can take only the first two
equations and construct the corresponding hyperquiver representation as shown in
Fig.4. The singular vector tuples of this representation are the same as the symmetric
singular vector tuples of 7. The polynomial in (3.1) is

(1 +h2)? + (iho)hy + W) (1) + 2hihy + h3)
= 1214 + 1813 hy + 130303 + Shyh3 + bl

Thus, the number of symmetric singular vector tuples of T is 13, which is the same
answer given by Theorem 3.4, and this construction can be extended to any partially
symmetric tensor. In general, one can prove a version of Theorem 3.1 for a repre-
sentation assigning partially symmetric tensors on every hyperedge by appropriately
modifying the conditions in Definition 2.5 to define a generic partially symmetric rep-
resentation. This is needed to avoid duplicate defining equations for singular vector
tuples, as seen above. For example, the representation in Fig. 3 is not generic for the
tensor 7.

Example 3.7 (The generalised tensor eigenvalue problem) Consider a generic rep-
resentation of the Kronecker hyperquiver with a generic pair of tensors A, B €
C% @ (C4)®m=D see Fig.2c with m = 3 and d = d; = d». The edge set E
has a partition with M = 2. We remark that Corollary 3.2 implies that there will
not be finitely many singular vector tuples for all representations of this hyperquiver.
There will be a non-zero finite number of singular vectors if and only if d := d; = d»
since this is when N = 0 in Theorem 3.1. The singular vector tuples are the non-zero
pairs X,y € C¢ such that A(-,x,...,x) = A'yand B(-,X,...,x) = A"y, for some
A, A" € C. This reduces to the single equation

A(-,X,...,X) = AB(-,X,...,X) 3.3)
Elol:;ﬂ
@ Springer Lﬁjog



Foundations of Computational Mathematics

Fig.5 A hyperquiver with a di d; dn-1
single hyperedge and a (; w € - C
representation ® ®
T
@
Cdn

for some A € C. This is a tensor-analogue of the generalised eigenvalue problem for
two matrices. When A and B are real with A symmetric, B positive definite, and m
even, the generalised eigenvectors x are the critical points of the spherical optimisation
problem (1.1) [48, Thoerem 4.58]. It was shown in [27, Corollary 16] and [20, Theorem
2.1] that there are d(m — 1)?~! generalised tensor eigenvalue pairs x and y for the
tensors A and B. Our general formula in Theorem 3.1 also recovers this number, as
follows. The polynomial (3.1) is

d d
(Z 5~ ((m — 1>h1>d—k) (Z 5~ (m — 1>h1)"—‘) : (3.4)

k=1 (=1

A monomial hf_lhg_l is obtained from the product of a k-th summand and an ¢-
th summand such that k + ¢ = d + 1. There are d such pairs of summands &, ¢ €
{1,...,d}. Each such monomial will have a coefficient of (m — 1)¢~!. Hence the
coefficient of h9~'hg ™" in (3.4) is d(m — 1)¢~".

Now we find the dimension and degree of the singular vector variety S(R) for a
generic representation R of a hyperquiver with a single hyperedge, as shown in Fig. 5.

Corollary 3.8 Let H be a hyperquiver with one hyperedge with all entries of its tuple
of vertices distinct. Let R be the representation that assigns the vector space C% to
each vertex i and a generic tensor to the hyperedge. Then:

(a) The dimension of S(R) is N = Zl'-';ll d—n+1
(b) The degree of S(R) is

% 5 dy — k N
kiyoooskpm1)\di =1 —ki,...,dy—1 — 1 —kn_1,dy — k)’

k=1ky+--+ky,_1
=d, —k

(3.5)
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Table 1 The degree of the singular vector variety S(R) of the hyperquiver in Fig.5 withdy = ... =d;, =d
and generic tensor 7.
d n

2 3 4 5 6
1 1 1 1 1
2 2 6 24 120 720
3 4 66 1980 93240 6350400
4 8 840 218400 110510000 96864800000
5 16 11410 27512100 1.5873 x 101! 1.89313 x 1015
6 32 160776 3741400000 2.54601 x 1014 426416 x 1019

The dimension of S(R) is N = (d — 1)(n — 1). In particular, S(R) is positive-dimensional except in the
first row

Proof The dimensionof S(R)isN = (3], di — n)—(d,—1) = Zl'-'z_ll d;i—n+1,by
Theorem 3.1. The degree of S(R) is the coefficient of h’fl_l cen hZ”_l in the product

n N dy n—1 dn—k
>u) (B(Xn)
i=1 k=1 \i=1
~————
(1 @)
For each k € {1,...,d,}, the monomial hlf] e hﬁ"_‘l' hﬁ_l in the expansion of (2)
for some ki, ..., k,—1 such that Z?:_II ki = d, — k has coefficient (klfil.,_qu)' This
is combined with the monomial h‘f‘_l_kl e hZ"__ll_k”’l hZ” ¥ from the expansion of
(1), which has coefficient ( di—1—ky .. d, j\ll Ay oy — k)' Multiplying these coefficients
and summing over those ki, ..., k,_1 with Z;’:_II k; = d,, — k, we obtain
> () | )
il kiy... kniJ\di =1 —=ky,...,dp_1 =1 —ky_1,dy — k)
=d,—k
Summing over k = 1, ..., d, gives the result. |
Whend :=dy = --- = d,, we can use Corollary 3.8 to find the degree of S(R),

which is displayed in Table 1 ford = 1,...,6andn =2, ..., 6. Observe that: (i) the
degree row of d = 2 consist of the factorial numbers; and (ii) the degree column of
n = 2 consist of powers of 2. We explain these observations. To see (i), if d = 2, then
(3.5) becomes

22: 5 2k n—1
kiyeoiskna J\1—ky, ool — kg1, 2—k ) (3.0
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Fig.6 A quiver representation d
with empty singular vector A C B
variety

Fig.7 Insufficiently generic Cd d
quiver representations C

C A
(a) (b)

When k = 2, the only summands satisfying k1 + -+ 4+ k,—1 =2 —kisk; =--- =
kn—1 = 0, which is 1 for the first factor and (n — 1)! for the second factor in (3.6).
When k = 1, the only allowed indices are of the formk; = 1 and k; = O foralli # j,
from which we get 1 for the first factor and (n — 1)! for the second factor in (3.6). Since
there are n — 1 such allowed indices, (3.6) evaluatesto (n — 1)!+(n—1)(n—1)! = n!.
For (ii), when n = 2, we have

Zd: ZE(d;k)(d—likl,d k) i( )(k—dl,_dl—k>

k=1
d—1

=_( d—1 >=Z<d_1>=2d_l-
= k,d—1—k P k

Example 3.9 (Empty singular vector variety) Consider the quiver in Fig. 6, where the
vertices are assigned vector spaces of dimensiond > 1, and the two edges are assigned
generic matrices A, B € C?*¢_ Any singular vector would need to be an eigenvector
of both matrices A and B, but a pair of generic matrices A and B do not share an
eigenvector. The emptiness of the singular vector variety is captured by Theorem 1.1,
as N < 0.

Example 3.10 (Insufficiently generic representations) The quiver representations in
Fig.7 withd > 1and generic matrix A € C¢*? do not satisfy the genericity conditions
in Definition 2.5. In Fig. 7(a), the only permutations o, ¢’ on {0, 1} sending the matrix
A on one edge to the matrix A on the other edge and vice versa are the identity
permutations, which fail to satisfy the condition o (0) # ¢’(0), causing one of the
edges to be redundant. The resulting singular vector variety has dimension d — 1 and
degree 247! by Corollary 3.8, rather than the expected dimension 0 and degree d in
Example 3.7. In Fig. 7(b), the singular vectors are the non-zero points x € C? such that
AZx = LAX for some A € C, of which there are d solutions, rather than the expected
0 solutions in Theorem 3.1.
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Fig.8 A hyperquiver
representing a period-n orbit

Example 3.11 (Periodic orbits of order n) Consider the hyperquiver representation in
Fig. 8 with a generic tensor 7 € (C?)®™ . The singular vector tuples are the non-zero
vectors X, . .., X, € C? such that

T(-,X1,...,X1) = A1X2
T( ,X2,...,X2) = A2X3

T(,Xp, ..., Xp) = AyX]

for some A; € C. In other words, each x; is a periodic point of order .

The hyperquiver representation is not generic in the sense of Definition 2.5 as edges
with different tuples v(e) up to permutation are assigned the same tensor 7'. Hence
Theorem 3.1 does not apply. Nonetheless, we predict the dimension and degree, using
Theorem 3.1. The result predicts finitely many n-periodic points, by Corollary 3.2.
Their count is predicted to be the coefficient of the monomial h‘ffl ---h9=Vin the
polynomial

(s~ (b By ) - (T b)) G.7)

by Theorem 3.1,where © = m — 1. This monomial is obtained from the product of
terms

(A (h )T Y (wha) =) - (5 (wh) 0

coming from each of the respective factors in (3.7), for each k € [d]. The coefficient
of this product is w"@=5) Thus, the coefficient of h‘f_l . ~hg_1 in (3.7) is

d
ut—1 m—-1Dr—1"

k=1

This turns out to be the correct number of period-n fixed points, as proved in [25,
Corollary 3.2]. The number of eigenvectors of a generic tensor is the special case
n = 1 (Example 3.3).
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Example 3.11 seems to suggest that the conditions defining a generic representation
in Definition 2.5 can be weakened so that Theorem 3.1 holds for a larger class of
hyperquiver representations. In Example 3.10, which gives the wrong dimensions and
degrees, we notice that there are two edges assigned to the same matrix that point to the
same target vertex. We conjecture that the genericity conditions in Definition 2.5 can be
modified in the following way so that Theorem 3.1 still holds: given any two distinct
edges e, ¢’ € E,, in Definition 2.5(i.b), only require that the tuples of dimensions
(di(e)s sy (e)s - - - » ds, (e) and (dy(e'), dyy (e - - - ds,, (¢)) agree up to permutation, and
in part (i.c) we only require that z(e) # 7(e’). These conditions cover Example 3.11,
while Example 3.10 is still excluded.

In the remainder of this section, we explore connections to dynamical systems and
message passing.

Example 3.12 A parameterised dynamical system is a continuous map f : X x P —
X, where X and P are compact triangulable topological spaces, respectively called
the state and parameter space of f. Taking homology with complex coefficients, we
obtain a C-linear map

Hif : Hi (X x P) - Hip(X)

in each dimension k > 0. We know from the Kiinneth formula [53, Section 5.3] that
the domain of Hy, f is naturally isomorphic to the direct sum @iﬂ-:k Hi(X)®H;(P).
Therefore, each Hy f admits a component of the form

Ty : Hi(X) ® Ho(P) — Hi(X),

We say that anon-zero homology class § € Hy(X)isfixedby f atanon-zerohomology
class n € Hy(P) whenever there exists a scalar A € C satisfying Tx(§ ® n) = A - €.
The set of all such fixed homology classes (up to scaling) is the singular vector variety
of the hyperquiver representation in Fig.9.

Let £k := dim Hy(X) and suppose P has d connected components; i.e.,
dim Ho(P) = d. Then the singular vector variety has dimension d — 1 and degree
equal to the coefficient of h]f_lhg_l in the polynomial (h; + hy)4~! le‘:l(hl +
hg)k_-"h{l, by Theorem 3.1. The monomial hll‘_lhg_1 arises by pairing the
term () RiRS TR = (%) iRk ! in the expanded sum with the term
(ki;_l1)h]f_i_lhgd_l)_(k_l_l) in the expanded parentheses, for all 0 < i < k — j
and 1 < j < k. Thus, its coefficient is

s ()65
ois i k—i—1
In particular, if P is connected (i.e., d = 1), then there is exactly one non-zero

homology class in Hy(X) fixed by f.
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Fig.9 Fixed points in homology

Hi(X) Ty

Example 3.13 Our hyperquiver framework counts the fixed points of certain multilinear

message passing operations, as we now describe. Assign vectors XEO) =x; € C% to
eachi € V. Apply the multilinear map 7, to the vectors (xgl(ge), ey xg;)(e)) at nodes
in s(e). Then, update the vector at the target vertex ¢(e) to

X = 1,8y e Co, 3.8)

t(e) s(e)

In the limit, one converges to a fixed point of the update steps. The singular vector
variety consists of tuples of directions in C¢ that are fixed under these operations, for
any order of update steps.

We compare the update (3.8) to message passing graph neural networks, see e.g.
[31, 33]. The vector at each vertex is the features of the vertex. The vectors typically
lie in a vector space of the same dimension, as in Theorem 1.1. Message passing
operations take the form

xD = rax U e NG, (3.9)

where N (i) is the neighbourhood of vertex i. That is, the vector of features at node i
in the (k + 1)-th step depends on the features of node i and its neighbours at the k-th
step. Our update step in (3.8) is a special case of (3.9). We relate (3.8) to operations
in the literature.

The function f in (3.9) often involves a non-linearity, applied pointwise. In com-
parison, we focus on the (multi)linear setting, as discussed for example in [16]. There,
the authors study the optimisation landscapes of linear update steps, relating them
to power iteration algorithms. Our approach to count the locus of fixed points sheds
insight into the global structure of this optimisation landscape, in the spirit of [13,
21]. Studying such fixed point conditions directly is the starting point of implicit deep
learning [24, 32].

The neighbourhood N (i), for us, consists of nodes j that appear in a tuple s(e)
for some edge e with 7(e) = i. Update steps are usually over a graph rather than a
hypergraph. The tensor multiplications from (3.8) incorporate higher-order interac-
tions. Such higher-order structure also appears in tensorised graph neural networks
[35] and message passing simplicial networks [9].
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4 The Singular Vector Bundle

In this section, we define the singular vector bundle. It is a vector bundle on X =
[T, P(C¥%) whose global sections are associated to hyperquiver representations.
The zeros of a section are the singular vectors of the corresponding representation.
Following [27, Section 2], for each integer d > 0 we consider four vector bundles
over P(C?): the free bundle .% (d), the tautological bundle 7 (d), the quotient bun-
dle 2(d), and the hyperplane bundle .7 (d). Their fibres at each [x] € P(C?) are

F(d)px = C¢ 2(d)x = C¢/ span(x)

T (d)[x) = span(x) H(d)[x] = span(x)"”.
Here if V is a vector space or vector bundle, then VY denotes its dual. Note that
the hyperplane bundle #(d + 1) is traditionally denoted in algebraic geometry by
Opa(1). We have a short exact sequence of vector bundles

0— ) — Z(d;) > 2(d;) — 0. 4.1

There are projection maps 7; : X — IP’((Cdi ) with m;(x) = [x;], where x =
([x11, ..., [X,]). We pull back a vector bundle Z over P(C%) to a bundle % over
X, whose fiber at x € X equals H[y;]. There is an exact sequence 0 — 7 (d;)[x;] —
F(di)x1 = 2(di)x,] — 0 of vector spaces at every [x;] € ]P’((Cd"). Hence there is
an exact sequence of vector bundles

0 — n}T(d;) —> n}F(d;) - n}2(d;) — 0. 4.2)

Definition4.1 Let R = (d,7T) be a hyperquiver representation and let X =
[T, P(C¥%). For each hyperedge e € E, we consider the following vector bundles
over X.

uie)
7 (&) = Q! T ). H(e) :=Hom (y(e), n,*(e)fz(d,(e))) .

j=1
We define the singular vector bundle of R over X to be Z(R) := P, HBle).

The vector bundle Z(R) depends on the hypergraph H and the assigned vector
spaces U, but not on the multilinear maps 7. It can be written in terms of a partition
of edges as Z(R) = @f/lzl @eeE, HB(e). We will see that when R is a generic
hyperquiver representation, the zero locus of a generic section of Z(R) is the singular
vector variety S(R). We make the following observations about its summands Z(e).

Proposition 4.2 Let %(e) = Hom (9((3), nt*(e)o@(dt(e))). Then the following hold.

(a) The fibre of %(e) at x is Hom (span (®’;51)ij (e)) , (Cdt<e)/ sPan(Xl(e))).
(b) The bundle (e) has rank d; (e — 1.
(c) We have the isomorphism %(e) = <®’;§1) ns*j_ (e)z%”(dsj (e))> ® JTI*(E)Q(dt(e)).
Elol:';”
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Proof The bundle .7 (e) has fibres

wn(e) wn(e)
T @y = Q1) )7 s;0)x = Q) T ds;)ix,; 0]
j=1 j=1

wie)

= ® span(Xs; (e)) = span (®I;Lel)xsj(e)> .
J=1

The bundle rrt*( E)Q(d,(e)) has fibre nt*( e)o@(dt(e)) y = Cite) / span(X;()). This proves

(a). Then (b) follows, since the dimension of the fibre is d; () — 1. To prove (c), observe

that Z(e) >~ T (e)¥ ® nt*(e),@(d,(e)) and that

o) M .
c7(e)v = ®7T:j(e)y(ds]-(e)) ~ ® (nj;(e)y(ds]-(e))>
j=1 j=1
wnie) )
~ Q7 07 s )" = Q75 0 7 (s 0)-
j=1 j=1

]

We relate the singular vector variety to the singular vector bundle. The global
sections of a vector bundle Z are denoted by I' (). They are the holomorphic maps
o : X — 2 that send each x € X to a point in %, . A global section of Z(e) is a
map sending each x € X to an element in

Hom (Span (®/J‘fl) Xs; (e)) , Qe / span(xt(e))) , “4.3)

by Proposition 4.2(a). Definition 2.5(ii) of a partition gives an equivalence relation
between tensors assigned to E, via permutation of the modes. Following the notation of
Definition 2.5(iii), we denote by 7, € C* arepresentative for the class corresponding
to E,, for some e, € E,, and we define T, (Xs()) := Te(Xs()) for all e € E,, where
T, (Xs(e)) is defined in (2.1). A tensor 7 € C* determines a global section of %(e) for
every e € E,, which we denote by L.(T"). The map L.(T) sends x to the map

®u(e)

j=1XA‘j(e) = T(Xs(e)) € (Cdt(e)/span(xt(e))'

where T (X;(e)) is the image of T (X,(.)) in the quotient vector space Crer / span(X;(e)).
In other words, following [27, Lemma 9], we define the map

L, :C — TI'(%(e))
T — L.(T).
Elol:;ﬂ
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We form the composite map

M
L:@PCs — I'(BMm)

r=1

M
(T1..... Tn) — EP P LT

r=1 ecE,

“4.4)

We connect the global sections in the image of L to the singular vector tuples of a
hyperquiver representation, generalizing [27, Lemma 11].

Proposition4.3 Let R = (d,T) be a hyperquiver representation. Let X =
H?:l P(C%) and let B(R) be the singular vector bundle, with L : @yzl Cer —
'(#BR)) the map in (4.4). Then a point x € X lies in the zero locus of the section
o= L((Tr)f’lzl) if and only if x is a singular vector tuple of R.

Proof L((Tr)f’l (x) is the | E|-tuple of zero maps each in %(e) if and only if for all

eec E,andr € [M], Le(Tr)(X)(®I;S1)Xxj(e)) =0, if and only if 7 (Xs(e)) = AeXi(e)
for some X, € C, if and only if x is a singular vector tuple of the hyperquiver

representation R. O

In light of the preceding result, it becomes necessary to determine the image of L
within I'(Z(R)). For this purpose, we make use of the following Kiinneth formula
for vector bundles. Note that HO(X, &) := I'(B).

Proposition 4.4 (Kiinneth Formula, [38, Proposition 9.2.4]) Let X and Y be complex
varietiesand tx : X X Y — X and wy : X x Y — Y be the projection maps. If F
and 4 are vector bundles on X and Y respectively, then

H'"X x Y, n5.7 @ n}9) = @ H? (X, Z)® H1(Y,9).
ptg=n

The following result, which generalises [27, Lemma 9 parts (1) and (2)], characterises
the image of L.

Proposition 4.5 The linear map L : @ﬁwzl Cé — I'(ABMR)) in (4.4) is bijective.

Proof By the definition of L, it suffices to show for each e € E that L, is an injective
linear map between vector spaces of the same dimension. First we show that L, is
injective. Consider ¢ € E, and let T € C.If T # 0, then there exist X; i) €

i@ for j € [(e)] with v := T(Xy)) # 0. Let X,y € C%©\ span(v). Then

Le(T)(x)(®?Sl)ij ) #* 0. Hence, the global section L,(T) is not the zero section.
We recursively apply the Kiinneth formula in the case n = 0 to obtain

u(e)
HO(X, B(e)) = Q) HO(X, 7} () A (ds;0)) ® HO(X, 7y 2(dyo)).
Jj=1
Elol:';”
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It remains to compute the dimensions of the factors. We have dim H%(X, nr A (d;)) =
d; by results on the cohomology of line bundles over projective space [34, Theorem
5.1]. Finally, the short exact sequence (4.2) gives a long exact sequence in cohomology

0— HX, 7} 7(d)) - H(X, n} F(d;)) — HO(X, 7} 2d;)) — H' (X, n} T (d) — ....
N—————— N—— e ———

=0 =0

The underlined terms are 0, again by [34, Theorem 5.1]. Thus dim H%(X, nr2(d;)) =
d;, since dim HO(X, w7 (d;)) = d;. Hence dim H(X, #(e)) = [1}—, ds; (). This
is the dimension of C*, so L, is a bijection. O

5 Bertini-Type Theorem

In this section, we relate the zeros of a generic section of a vector bundle to its
top Chern class, cf. [27, Section 2.5]. This relation holds when the vector bundle
is “almost generated”, see Definition 5.2. We refer the reader to Appendix A for
relevant background on Chern classes and Chow rings. In this section, X is any smooth
complex projective variety. Recall that the global sections of %, denoted I' (%), are
the holomorphic maps o : X — £ that send each x € X to a point in the fibre %, .

Definition 5.1 Let X be a smooth projective variety and % a vector bundle over X.
The vector bundle A is globally generated if there exists a vector subspace A C I'(A)
such that for all x € X, we have A(x) = %y, where A(x) :={o(x) | o € A}.

Definition 5.2 Let X be a smooth projective variety and % a vector bundle over X.
The vector bundle Z is almost generated if there exists a vector subspace A C I'(A)
such that either 4 is globally generated, or there are k > 1 smooth irreducible proper
subvarieties Yq, ..., Y; of X, with Yy = X, such that:

(i) Forall i > 0, there is a vector bundle %; over Y;, and for any j > 0, if ¥; is a
subvariety of Y;, then %; is a subbundle of %; |Y,-
(i) A(x) € (%B;)y forall xy e Y;andi >0
(iii) For all i > 0, if a; < [k] is the set of all j € [k] such that Y; is a proper
subvariety of ¥;, then A(x) = (%)y forall x € Y¥;\ (Ujeq Y;) -

Now we state our Bertini-type theorem; cf. [27, Theorem 6]. The zero locus of a
sectiono € I'(A) is Z(o) := {y € X | o(x) = 0}. The top Chern class and top
Chern number of 4, see Definition A.5, are denoted ¢, (%) € A*(X) and v(%) €
Z, respectively. We assume X C PP via some closed immersion s : X < PP,
and identify the top Chern class of % with its pushforward under the embedding:
¢y (B) = s4(cr(B)) € A*(PP), see Remark A.3

Theorem 5.3 (Bertini-Type Theorem) Let X € PP be a smooth irreducible complex
projective variety of dimension d, and % a vector bundle of rank r over X, almost
generated by a vector subspace A C T'(A). Let 0 € A be a generic section with
Z(o) C X its zero locus.

(a) If r > d, then Z(o) is empty
Elol:;ﬂ
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(b) If r = d, then Z(o) consists of v(Z) points. Furthermore, if rank %; > dim Y;
foralli > 1, then each point has multiplicity I and does not lie on Uf-‘zl Y;.

(c) If r < d, then Z(o) is empty or smooth of pure dimension d — r. In the latter
case, the degree of Z(o) is v (%’|L), where L C PP is the intersection of d — r
generic hyperplanes in PP If v (,%"L) # 0, then Z (o) is non-empty.

Remark 5.4 The above theorem generalises [27, Theorem 6], where parts (a) and (b)
appear. We add part (c). Compared to [27, Theorem 6], our extra assumptionrank %; >
dim Y; for i > 0 in (b) appears because it is absent from Definition 5.2, whereas it
appears in its analogue [27, Definition 5].

The first Chern class of the hyperplane bundle ¢ (€ (D + 1)) = ¢1(Opp (1)) is the
same as the class of a generic hyperplane in P, by Definition A.5(v). Thus, there will
be a unique integer N such that ¢, (%)c1(Opp (N is equal to some integer multiple
of the class of a point [p] € A* (PP). Theorem 5.3(c) states that this integer is v (%’|L)
and that this is the degree of Z (o). This integer is also the degree of the class ¢, (%)
[23, Proposition 1.21].

To prove Theorem 5.3, we use the following results.

Theorem 5.5 (Fiber Dimension Theorem [36, Theorem 1.25]) Let f : X — Y be a
dominant morphism of irreducible varieties. Then there exists an open set U C Y such
that forally € U, dim X = dim Y + dim(f_l(y)).

Theorem 5.6 (Generic Smoothness Theorem [34, Corollary I11.10.7]) Let f : X — Y
be a morphism of irreducible complex varieties. If X is smooth, then there exists an
open subset U C Y such that f| -1y is smooth. Furthermore, if f is not dominant,

then f~1(U) = @.

Proof of Theorem 5.3 Consider I = {(x,0) € X x A | o(x) = 0} with projection
maps

le/le

Then [ is a vector bundle over X. Since the base space X is irreducible, so is the
total space I. We show that dim/ = dim A + d — r. The map p is surjective, and
hence dominant, since the zero section lies in A. There exists an open set U € X
such that dim/ = d + dim(p~!(x)) for all x € U, by Theorem 5.5. The fibre
p~l(x) ~ {0 € A :0(x) = 0} consists of sections in A that vanish at y. Consider
the evaluation map {x} x A — %, thatsends (x, o) to o (x). This is a linear map of
vector spaces and its kernel is isomorphic to p_1 (x).LetY := Uf‘: Y;, where the Y;
are from Definition 5.2. The variety Y is a proper subvariety of X. Foreach x € X \7Y,
the evaluation map is surjective, by Definition 5.2(iii). Thus, the evaluation map has
rank 7 and nullity dim A —r. Hence dim(p~'(x)) = dim A—rforall x € UN(X\Y).
Therefore dim I =dim A +d —r.
The fiber qil(o) >~ {x € X : o(x) = 0} is the zero locus Z (o). We show that the
map ¢ is dominant if and only if ¢~ (o) # @ for generic ¢ € A.If ¢ is dominant,
Elol:';”
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then there exists an open set W C A such that g~ (o) is smooth of codimension
dim I —dim A = d —r foralloe € W, by Theorems 5.5 and 5.6. In particular, g ! (o)
is non-empty. Conversely if ¢ is not dominant, then there is an open set W C A such
that g~ !(0) = @ for all ¢ € W, by Theorem 5.6.

Now we show that Z(o) # @ for generic o € A if and only if ¢, (%) # 0.
If Z(o0) = @, then the existence of a nowhere vanishing section of % implies that
cr (%) = 0[28, Lemma 3.2]. Conversely, if Z(o) # @, then the map ¢ is dominant,
so Z (o) is smooth of codimensiond — r. If ¢, (%) = 0, then 0 = ¢, (#B) = [Z(c)] by
Definition A.5(ii), which is a contradiction since the degree of a non-empty projective
variety is a positive integer [34, Proposition 1.7.6.a]. In particular, if r = d and v(%) =
0, then Z(o) = @.

The map ¢ is not dominant if dim / < dim A;i.e., if r > d. This proves (a) and
the emptiness possibility in (c). It remains to consider the case r < d with the map ¢
dominant and generic o € A.

Z(0) € PP is smooth of dimension d — r. It is pure dimensional by [28, Example
3.2.16]. When r = d, we have [Z(0)] = ¢,(B) = v(H)[p] for some p € X, by
Definition A.5(ii), so the zero locus consists of v(Z) points. It remains to relate the
degree to the top Chern class for r < d. The degree of Z (o) is the number of points in
the intersection of Z (o) with d —r generic hyperplanes PP . Denote the intersection of

d —r such hyperplanes by L. Let L /s PP be its inclusion. We have [Z(o)] = ¢, (AB)
by Definition A.5(ii) and seek [L]c,(%). We compute in A*(PP):

[Llcy(#) = j([LDcr (B) (definition of pushforward)
= jx(j* (¢, (B)IL]) (projection formula)
= julcr G*B)IL)) = julcr (#],) [L])  (Definition A.5(iv))
= jx(v (93 | L) [pIILD (definition of top Chern number)
= (%’|L) F«([PIILD (pushforward is a morphism)
= (%’|L) j«([pD) = v (%|L) [p] (intersection with a point)
(5.1)

for some point p € L. Thus, the degree of Z (o) is v (93 \ L). As a corollary, we obtain
that if V(%) # 0 or v (#|,) # 0, then Z(c) # @. This proves the dimension and
degree statements in (b) and (c).

Lastly, we show that when r = d and the additional assumptions of (b) hold, the
points in Z (o) are generically of multiplicity 1 and do not lie on Y. Smoothness in
Theorem 5.6 shows that each of the finitely many points in ¢! (¢') are of multiplicity
1. We have rank %; > dimY; for all i > 1. Hence dim(p~'(¥;)) = dimY; +
dim A —rank %; < dim A. Thus, dim(p~!(Y)) < dim A, and using the fact that the
projection P* x A™ — A" is a closed map, we deduce that ¢ is a closed map. Hence
q(p~1(Y)) is a proper subvariety of A. For all points in the open set o € W N W/,
where W = A\g(p~'(Y)), the fibre ¢! (o) contains no points in Y. m]

Remark 5.7 Our proof of Theorem 5.3, is analogous to the proofs in [27] of their The-
orems 4 and 6. Their proof uses [28, Example 3.2.16], which is equivalent to axiom
FolCT
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(i1) in Definition A.5. Our proof adds the Chern number computation for case (c).

6 Generating the Singular Vector Bundle

In this section we show that Z(R) is almost generated, so that Theorem 5.3 may be
applied to it. We generalise the singular vector bundle to a bundle (R, F), for a
subset of hyperedges F C E. The zeros of a global section of (R, F) are singular
vectors with singular value zero along the edges in F. We show that Z(R, F) is almost
generated. This will later yield not only the dimension and degree of the singular vector
variety S(R) in Theorem 3.1, but also the final statement about the non-existence of
a zero singular value.

Definition 6.1 Let R = (d,T) be a hyperquiver representation and let X =
[T, P(C%). Given F C E, we define

Hom (y(e), n;;e)g(d,(e))) ife ¢ F

HBle, F) =
Hom (ﬂ(e), yrt*(e)ﬁ?(d,(e))> ifeeF.
It has fibres
Hom ( span ®’;§1)ij @), Che/ span(xt(e))> ifeg¢ F
HBle, F)y = Hom ( span ®?S1)X‘s,~(e) ,(Cdm) ifeeF,
where x = ([x1], ..., [Xx]). The singular vector bundle of R over X with respect to

Fis BR,F) =@, Ble, F).
The singular vector bundle Z(R) from Definition 4.1 is (R, ).
Proposition 6.2 The bundle Z(R, F) has rank ),y (die) — 1) + | F|.
Proof The rank of ZA(R, F) is ) ,.prank (e, F). For e ¢ F, rank #(e, F) =

dyi(e) — 1, as in Proposition 4.2(b). For e € F, rank #(e, F) = rank Hom(.7 (e), nt*(e)

F (di(e))) = di(e)- O

We construct global sections for Z(R, F) whose zero loci correspond to singular
vectors with zero singular value along the edges in F. Define the map

L,F: C — T'(A(e, F))

Tix ., ) d
(e) T (X5e)) € CH@ /span(X;(e)) e ¢ F
Le,r (D00 @ 5%s0) = {mi;) € Chw© ‘ ecF. D
We define the composite map
M
Lr: T > T(#R, F)

r=I1
FolCT
I_I o

@ Springer Lﬁjog



Foundations of Computational Mathematics

M
L =@ P Ler. (6.2)

r=1 e€E,

We connect the global sections in the image of L r to the singular vector tuples of
R, generalizing Proposition 4.3 and [27, Lemma 11].

Proposition 6.3 Let B(R, F) be the singular vector bundle with respectto F and L f :
@f/lzl Cr — I'(ABR, F)) the linear map in (6.2). A point x = ([x1],...,[x,]) € X
lies in the zero locus of the section o = LF((T,)ﬁWZI) if and only if x is a singular

vector tuple of R with zero singular value along all edges in F.

Proof The image LF((Tr)f’Izl)(x) is the tuple of zero maps each in Z(e, F), if and

only if forall e € E, and r € [M], Le,p(Tr)(x)(®l;iel)xsj(e)) is the zero vector in
the appropriate case of (6.1), if and only if 7, (X)) = AcXs(e) for some A, € C
with ., = O if e € F, if and only if x is a singular vector tuple of the hyperquiver

representation R, with zero singular values along the edges of F'. O

Definition 6.4 The isotropic quadric Q, = {v € C" : v'v = 0} is the quadric
hypersurface in C" of isotropic vectors. Here, the contraction v'v is with respect
to the standard real inner product, see Remark 2.4. The variety Q,, is defined by a
homogeneous equation and hence has dimension n — 1. We consider it as a subvariety
P(Q;,) of P".

Definition 6.5 If 7 € C¢ is a tensor and X;;¢) € C%i© are vectors for
J € {0, 1,..., u}, then we denote by T (Xe) = To(Xsy(e)s Xsi(e)s - - - » Xsu(e)) =
x;'g 0 T (X5(e)) € C the contraction of the tensor 7' by the vectors X;; ¢), Where T (X;(c))
is the vector defined in (2.1).

We give a necessary and sufficient condition for when the maps in (6.1) generate
the vector space %(e)y. This generalises [27, Lemma 8] from a single tensor to a
hyperquiver representation. Later, in our proof that (R, F) is almost generated, we
apply this condition to the vector subbundles %; in Definition 5.2. This will allow us
to associate a single tensor to each piece of the partition.

Lemma 6.6 Let H = (V, E) be a hyperquiver, E = ]_[f’lzl E, be a partition, and
assign vector spaces C% to eachvertexi € V. Fix a collection of vectors x; € C%\{0}
fori € [n]andy. € C¥© fore € E. Fix F C E a subset of hyperedges. Let G, be the
hyperedges e € E,\F such that X, is isotropic. Then for all r € [M], the following
are equivalent:

(a) There exist tensors T, € C* for some e, € E, satisfying the equations

Ty (Xse) = Ve € C%© / span(xy(e)) ec E.\F (6.3)
Tr(Xs(e)) =Ye € (Cd[(e) ecE,NF. (64)

(b) Given any pair of edges e, ¢’ € (F N E,;) U G,, we have

T T
X;(e)Ye = Xy(enYe'- (6.5)
Elol:;ﬂ
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Proof (a = b) : There is a tensor 7, satisfying (6.3) if and only if there are scalars
Ae € C such that T (Xs(e)) = Ye + AeXs(e) for all e € E,\ F. Multiplying both sides
by X;() gives T, (x.) = xtT( oYe T )LextT( o Xt(e)- Similarly, from (6.4) we obtain, for
e € F N E,, the condition T} (x,) = xtT( oYe The scalar T, (x.) only depends on r via
the set E,. Thus for any pair of edges e, ¢’ € E,, we have

T T T T
X;(e)Ye + Aex,(e)xt(e) = X0 ¥e' + Aerxl(e,)x,(er)

where A, = 0 for e € F N E,. For the hyperedges in G,, the terms XIE)XI(E) vanish.
Hence (6.5) holds for all e, ¢’ € (F N E,;) U G,.

(b = a) : Let u, € C be the value of (6.5) if (F N E,) UG, # & and zero
otherwise. Define

0 eec (FNE,)UG,

= _ ) (6.6)
(XIT(e)x,(e)) 1(Mr—X,—Ee)ye) otherwise.

e

Choose some ¢, € E,. We show that, for such a choice of ., there exists a tensor
T, € C¢ that satisfies

T, (Xs(e)) =Y+ )\ext(e) 6.7)

forall e € E,, and hence there exists a tensor 7, that satisfies (6.3) and (6.4). A change
of basis in each C% does not affect the existence or non-existence of solutions to (6.7).
Consider the change of basis that sends each x; to the first standard basis vector in Cdi,
which we denote by ¢; | = (1,0, ..., O)T. For each e € E,, there is a permutation o
of {0, 1, ..., u} sending v(e) to v(e,) by Definition 2.5(i.b). Then (6.7) becomes the
condition

(Tr,.1.01,...1 = (Ye)e + Aedy ¢ forall £ € [dre)],

where §; ; is the Kronecker delta and the £ on the left hand side appears in position
0 (0). We define 7, to be the tensor whose non-zero entries are given by the above
equation. This is well-defined since by Definition 2.5(i.c) setting ¢’ = ¢,, we have
o (0) # o’(0). It remains to show that we do not attempt to assign different values
to the same entry of 7. When ¢ = 1, we assign the value (y.); + .. By (6.6), if
e € (FNE;)UG,, then (yo); + A = (yo)1 +0 = (¥o)1 = 4 by (6.5) and the
definition of w,, and otherwise, (Y¢)1 + e = (Ye)1 + (r — (Ye)1) = ir. Thus, for
alledges e € E;, (Ye)1 + Ae = r- O

To conclude this section, we show that & := Z(R, F) satisfies the conditions of
Definition 5.2. This shows that 4 is almost generated. First we define the subvarieties
Y; and the vector bundles %; over Y; that appear in Definition 5.2.

We use the following notation. A linear functional ¢ : C%®© / span(X;()) — C can
be uniquely represented by a vectoru € C%© such that uTx,(e) =0andg([y]) =u'y,
[27, Lemma 7]. In particular when X;(,) € Qy(.), We abbreviate xtT( o [y] to XtT( oY

Elol:';”
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For a subset « C [r], define the smooth proper irreducible subvariety

Yo =X x---x X,, where X; = ]P)(Qi? l €«
P(C%) i ¢ a.

In particular, Yo = X. Fix F C E and define F’ = {t(e)}.cr. Fix a C [n]\F’. Let
G, C E,\F denote the edges whose target vertex lies in «. Define %, to be the vector
bundle over Y, whose fiber at x = ([x1], ..., [X,]) € Y, is the subspace U («, x) of
linear maps © = (Te)ecr € (#)y satisfying

X;Ee) Te (®l]li61) Xy ) = X,—[e/) Te/ (®l;ie])xs]- (€))s (6.8)

for any edges e, ¢’ € (F N E,) U G,, for every r € [M].

Proposition 6.7 Let the map L be as in (6.2). For any subset of hyperedges F C E,
the vector subspace A = Lp (@ﬁw:l C“’f> almost generates BR, F).

Proof We first show that the vector bundles %, satisfy Definition 5.2(i). If o, 8 C
[n]\F’, then o C B if and only if Yg is a proper subvariety of Y. Furthermore, % is
a subbundle of 35’ |Y , since U (B, x) is a vector subspace of U («, x).

Next we prove that Definition 5. 2(ii) holds. Recall that A(x) :={o(x) | o0 € A}.
We show that A(x) € (%Bu)y. If x € Yo, then an element of A(x) is an |E|-tuple
of linear maps L. r(7,)(x) for some tensors 7, € C, r € [M]. By the proof of
(a = b) in Lemma 6.6, 7, := L. (T,)(x) satisfy (6.8), 50 A(x) € (Bu)y-

Finally we show that Definition 5.2(iii) holds. If x lies on Y, but not on any
proper subvariety Yg, then every (t.)ece € (%y)y satisfies (6.8) and no additional
equations. Thus there exist tensors 7, with L, r(7,) = 7, fore € E, and t € A()),
by Lemma 6.6. Hence, A(x) = (Ba)y- O

7 The Top Chern Class of the Singular Vector Bundle

In this section we compute the top Chern class of the singular vector bundle Z(R),
generalizing [27, Lemma 3]. Combining this computation with Theorem 5.3 and
Proposition 6.7 finds the degree of the singular vector variety, completing the proof
of Theorem 3.1.

Proposition 7.1 Let R = (d, T) be a hyperquiver representation and %B(R) be the
singular vector bundle over X = []}_, P(C%). Then the top Chern class of B(R) is

de) P u(e)
1_[ Z hf(t)lhéz(:)) , where hge) = Z Ry (e)s
ecE k=1 j=1
in the Chow ring A*(X) = ZIhy, ..., hyl/(h", ..., him).

Fo C 'ﬂ
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Proof We seek the Chern polynomial C (¢, (R)). The coefficient of its highest power
of ¢ is the top Chern class. The Chern polynomial is multiplicative over short exact
sequences, see Definition A.5(iii). Hence

Ct,Zd)=C@, 7(d)C(, 2()), (7.1)

by (4.1). We compute C(t, 7 (d)). Leth € A*(P(C?%)) = Z[h]/(h?) be the class of
a hyperplane in P(CY). By Definition A.5(i)-(iii), & is the first Chern class ¢ (72 (d))
and the Chern polynomial of 57 (d) is C(t, #(d)) = 1 + ht. Thus C(¢, 7 (d)) =
C(—t, #(d)V) = 1 — ht, by Proposition A.8(b).

Next we compute C (¢, 2(d)). We have C(t, .%#(d)) = 1, by Proposition A.8(a).
The Chern polynomial of 2(d) is the inverse of (1 — ht), by (7.1). Using the formal
factorisation 1 — x" = [[;_o(1 — {,’fx) over A*(X) ® C, we therefore have

d—1 d—1 d—1 k d—1
. 1= (ht) [Tizo (1 = ¢ ht) k
— J — — — —
C(t,2(d)) = jEZO(ht) =—T_n - - = k|=|l(1 gyht)

where ¢4 € C is a d-th root of unity.

We have c|(n/7(d;)) = nfc|(J(d;)) = n'hi = h; € A*(X), by Definition
A.5(iv) and Definition A.2(ii). Thus the Chern polynomials of 7*7(d;), n;*.7 (d;),
and 1* 2(d;) equal those of 7 (d), .7 (d), and 2(d) respectively but with & replaced
by hi € A*(X), by (4.2).

We have found the Chern roots of 7% (d;) and n}2(d;), so we obtain Chern
characters ch(z . (d;)) = exp(h;) and ch(n*2(d;)) = Zf’;l exp(—;“[]l‘ih,-). By
Propositions 4.2(c) and A.8(c), the Chern character ch(%(e)) equals

n(e)
ch [ X 75 (07 (s ) ® T 2(dre))
j=1
u(e)
= ch | Q75 (0 (s | i) 2(die))
j=1
w(e) die)—1
= [ [T expths;e) D exp(—Lay huce)
j=1 k=1
diey—1 u(e)
k
= Z eXp Zhsj(e) —fd,(g)h[(g)
k=1 j=1

Switching to Chern polynomial form, we obtain

di(e)—1 uie)
ce, @)= T] |1+ D 0 — & lue | 1
k=1 j=1
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This product has degree (d;() — 1) in ¢, with top coefficient

diey—=1 [ u(e)

1_[ Z hsje) — ftk(e)ht(e)

k=1 j=1

It follows from Definition A.5(iii) that C (¢, Z(R)) = [ | ccg C(t, %B(e)). The product
has degree (3, die) — | E|) in ¢, with top coefficient (i.e., top Chern class of Z(R))
equal to

diey—1 [ 1u(e)
l_[ H Zhsf'(e) _gtk(e)hf(e)

ecE k=1 \j=1

Finally, the formal identity x" — y" = [i_o(x — C,’f y) gives

diey—1 _

l_[ l_[ Zhsj'(e) - gIk(E)h’(f) = l_[ ( - u(e) h =
j=1

ecE k=1 \j=1 ccE sje) — hige)

-
diey=1 (e o=k

=1 > [ D e hyo) €A*(M).

ecE k=0 \j=I

To conclude, we now prove our main theorem.

Proof of Theorem 3.1 The zero locus of a generic global section of Z := A(R, F) is
the singular vector variety S(R), with zero singular values along the edges in F, by
Propositions 4.3 and 6.3. The singular vector bundle 28 from Definition 6.1 is almost
generated, by Proposition 6.7. Hence our Bertini-type theorem Theorem 5.3 applies
to it, to characterise the zeros of a generic section. It remains to derive the polynomial
(3.1), prove the emptiness statement for S(R) as well as its dimension and degree,
and prove the statement regarding finitely many singular vector tuples.

We first consider the case F = @&. The top Chern class ¢, (%) is given by Propo-
sition 7.1. If N = d — r = 0, then S(R) has the claimed number of points by
Theorem 5.3(b). Suppose r < d. Let s : X — PP be the Segre embedding and let
[/] € A*(PP) be the class of a hyperplane. Continuing (5.1), we have

v (95’|L) [p]l = [Llcr (B) = [Llsk(cr(AB)) = [l]Ns>,< (cr (%)) (definition of pushforward)

= 55 *(MN)er (B) = s*([1TV)er (B) (projection formula)
= s* (DN ey (D) = (2 h)N er (B) (128, Example 8.4.3])
(7.2)
where A*(X) = ZIhy, ..., hy]/(h", ..., hi"), giving us the polynomial (3.1).
FoCT
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We prove the emptiness statement by showing that v (%’| L) = 0 if and only if
cr (%) = 0. By the proof of Theorem 5.3, ¢, (%) = 0 if and only if S(R) =
If ¢.(#) = 0, then v (2],) = 0 by (7.2). Conversely, if ¢,(%) # 0, then there

exists a monomial 4{' ...hy" in ¢, (%) such that q; < d; and ) !, a; = r. There

exists a monomial h‘fﬁlf”‘ R T i >, hi)dfr such that )7, al = r.
Thus, these monomials pair in the product [L]c, (%) to form the monomial [ p] =
h‘{ll_1 .. hd”_1 The coefficient of this monomial is v (@ | ) which is non-zero.
Therefore if v (%’| # 0, S(R) has the claimed dimension and degree by Theo-
rem 5.3.

It remains to prove the last sentence of the theorem, which pertains to the case
N = 0. Fix @ # «a C [n] and define %, as in the proof of Proposition 6.7. Then
rank Z, = rank  — (|a| — 1) > rank & — |a| = dim(X) — |«| = dim(Y,,) as the
fibers of %, are vector subspaces of the fibers of % cut down by || — 1 linearly
independent equations (6.8). Thus, every singular vector has multiplicity 1 and is non-
isotropic by Theorem 5.3(b). Finally, if F # @ then rank & > dim(X) by (6.2), so
R has no singular values equal to 0, by Theorem 5.3(a). O

As a final note, one may be interested in different homogenisations of singular
vectors, such as H-eigenvectors, as opposed to our non-homogeneous definition (1.2)
of singular vectors which are often called Z-eigenvectors [47]. For a positive integer
£, we define an £-homogeneous singular vector tuple of a hyperquiver representation
R = (d, T) to be a singular vector tuple ([x1], ..., [x,]) € P(Cé) x --- x P(C)
satisfying

[T (Xs(e))] = [x570)]

inP ((Cdf@) for all edges e € E, where © is the entry-wise Hadamard product of a
vector. A singular vector tuple corresponds to £ = 1. Then in fact, all of Theorem 3.1
is still true when S(R) is replaced with the set of all £-homogeneous singular vector
tuples S¢(R), and when the polynomial (3.1) is replaced with the polynomial

N di(e) - nie)
(Zhl> ]—[ Z(Eh,(e))k‘lhs’((;)) . where hy( :=Zhsj(e). (7.3)

ieV ecE \k=1 j=1

Let us consider, for example, counting the number of ¢-eigenvectors of a generic
tensor, as in Example 3.3. The polynomial (7.3) in this case gives us

d

d d_ pd
k—1 . d—k _ k=1, 1vd—k | pd—1 _ (m — 1D =07 4
k§:1<Zh> ((m = D" = <§ o — 1) )h = o

soitis dm — D41 if £ = m — 1 and % otherwise, thus generalising [3,
Theorem 2.2].

We briefly outline the modifications needed to prove this more general result. Look-

ing to the beginning of Sect.4, we seek to replace the tautological line bundle .7 (d),

FoE'Tl
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whose fiber at [x] € P(C?) is span(x), with the line bundle .7 (d), whose fiber at [x]
is span(x©%). We also want to consider the vector bundle Z(d;) fitting into the short
exact sequence

0— Ld;) »> F(d;) > P(d;) — 0.

The line bundle .¥(d) is isomorphic to the line bundle .7 (d )®¢ hence they have the
same Chern polynomial. One computes the Chern polynomial to be C(.7 (d)®¢, t) =
1 — £ht and deduces from there the top Chern class intersected with the necessary
number of hyperplanes to be the polynomial (7.3) by following the computation anal-
ogously to earlier in this section.

8 Inverse Tensor Eigenvalue Problems

The problem we have considered up until now in this paper is the following: Given a
hyperquiver H = (V, E) and a representation R = (d, T') assigning tensors 7, € C¢
to each edge e € E, what is the space of singular vector tuples ([x1], ..., [X,]) €
[T, P(C4)? In this section, we consider the converse problem: Given a hyperquiver
H = (V, E) and an assignment of vectors [x;] € IP’((C"I’ ) to each vertex i € [n], what
is the space of tensors (Tp)ece € [] C¢ realising ([x1], ..., [X,]) as a singular
vector tuple?

We make this problem more precise and more general. Let H = (V, E) be a
hyperquiver, d = (di, ..., d,) be a dimension vector, A, € C be scalars for e €
E, and x; € C% be vectors for i € [n]. Let E = ]_[ﬁw=1 E, be a partition of the
hyperedges such that for all r € [M] and for any two edges e, ¢’ € E,, the tuple
of dimensions (d(e), ds;(e), - - - » ds, (e)) and (dy(e'), ds, ey - - - » ds,, (¢’y) have the same
number of entries and agree up to permutation. Following the notation outlined below
equation (4.3), fix an edge e, € E, for each r € [M], and fix the permutation o, , of
the set {0, 1, ..., u} foreach e € E,, e # ¢ for which the tuples of dimensions for
e, and e agree. Then the problem is to find tensors 7, € C¢ such that

ecE

Te(Xs(e)) =Xe- Xt (e) (8.1)

for all e € E, where any tensor 7T, assigned to an edge e € E,, e # e, agrees with
the tensor 7, := T, assigned to the edge e, € E, up to the chosen permutation o, ¢, .
Note that the conditions this partition of E has to satisfy are weaker than property
(1) of a partition of a hyperquiver in Definition 2.5 of a generic representation, since
the latter requires that the tuples of vertices v(e) and v(e’) for e, ¢’ € E, agree up to
permutation. We call this problem the inverse singular value problem for hyperquivers.
This problem is a significant generalisation of the inverse matrix and tensor
eigenvalue problems, which are concerned with finding a matrix or tensor having
a prescribed set of eigenvalues or eigenvectors. The matrix problem, and its many
variations that involve imposing structural constraints on the matrix, have a range of
applications including principal component analysis, control theory, numerical analy-
sis, and inverse problems, see [17, 18] for a review of the topic. In the tensor problem,

Elol:;ﬂ
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essentially the only case that has been studied is where no structural constraints are
imposed, and even then the problem is much more difficult and less well-understood.
The solvability of the inverse tensor eigenvalue problem [55] and some geometric
properties of the space of characteristic polynomials of tensors [30] are known, how-
ever even basic quantities such as the dimension of this space are not known, which
is crucial for numerical methods in algebraic geometry [10, 11]. The inverse ten-
sor eigenvalue problem has seen applications in inverse problems for PDEs [56] and
higher-order Markov chains [39].

In this section, we solve the inverse singular value problem for hyperquivers by
providing an algorithm that finds tensors 7, to place on all the edges e € E of the
hyperquiver satisfying (8.1) and the partition conditions. We generalize the approach
from [40, 41] solving the inverse tensor eigenvalue problem in a number of different
directions. One is that the eigenvectors are not required to be homogeneous, i.e. H-
eigenvectors [47], and any homogenisation, e.g. Z-eigenvectors, can be used. Another
is that the vectors do not have to be eigenvectors, but more generally singular vectors
arranged in any hyperquiver structure. Our algorithm works for both real and complex
singular vector tuples.

We define the inner product on two tensors A, B € Cdr<xdm 4 e

(A, B) = Z Ailim Bi i

where the bar denotes the conjugate of a complex number. We use the same bar to
denote the conjugate of a complex vector. This gives rise to the Frobenius norm of a
tensor

Al = V(A A)

We also use this notation for complex vectors, i.e. for m = 1. Note that when contract-
ing tensors with vectors, however, we are still using the standard real inner product
with complex vectors as before, and not this standard Hermitian inner product, see
Remark 2.4.

The algorithm is presented in Algorithm 1. For each r € [M], we enumerate the
edges E, = {ey, ..., ey} and assume without loss of generality that e; = e,. Since
every tensor T, assignedtoe € E,, e # e, agrees with the tensor 7, up to permutation,
it suffices to find the tensors 7, for r € [M]. We write T, (Xs()) := T, (Xs()) for all
e € E,, and we use the same notation for any other tensor P € C* of the same
dimensions as 7,.. For brevity, we write o¢,1 := 0¢,.¢, and o1 ¢ = a[ll for £ € [m],
where o711 denotes the identity permutation, and we write s1_j(e¢) 1= So1.¢(j) (e¢). For
anedge e¢; € E,, £ # 1, recall that o4 1(0) denotes the position of the vertex #(ey) in
the tuple of vertices v(e1) = (¢(e1), s1(e1), ..., su(e1)).

Let us illustrate the algorithm with the inverse tensor eigenvalue problem: given
x e Clandx € C, find T € (CH®" such that T(-,X,...,x) = Ax. If TD is an
initialisation, then line 14 of Algorithm 1 gives us

Iax —TOC x, ..., x))?
||()\.X—T(l)(-,X,...,X))®X®"'®X”2

7O — 7 4
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Algorithm 1 Inverse singular value problem for H = (V, E), E = ]_[f/[: 1Er ke €C,
X; € Cdi

Input: T,(l) € C¢r for r € [M] initialisations
Output: 7, € Cé for r € [M] solving the inverse singular value problem, or no solution

l: forr=1,...,M do
2: el < er
3: Er < {er,...,em}
4. fort=1,...,mdo
1 1 d,
5: 1‘1(Z ) <~ AQZX[(Q) — Tr( )(XS(L’[)) eC t(eg)
6 end for .
T T
7ol e (ril) |y ) €CPr, Dr =YL diey)
m  [oe,10)—1 o Iz
. 1 T x 2
5.  ph L Y1 X X e | @1 ® X X e | €C
=1 j=0 j=0p.1(0)+1
9: k<1
10:  whiler® £ 0do
11: if P®) =0 then
12: halt > No solution exists
13: else O2
. k+1) _ k) I g
14: T, =T + 7”1)“()”2 P
15: fort=1,...,mdo
k+1 k+1
16: rz A hegXt(ep) — Tr( * )(Xs(e,z))
17: end for T
. k+1 k)T k+D) T
18: r ><_<r§+> |~~-\rfn+)>
m [oe,10)—1 “ (k+1) 2
. k+1 I (k+1) Ir 1=
19: PEHD X e |or Ve X Sieo |t o2 P
=1 i=0 i leC]
= J= j=0¢,1(0)+1
20: k<—k+1
21: end if
22:  end while
23: end for

(AX—T(D(-,X,...,X))®i®~--®i

) ax — TDOC x, ..., %))
IAx — TM (-, x, ..., x) |2 [x][20m=D

(AX—T(D(-,X,...,X))®i®---®i

=70 4 1 ()\.X_T(l)(' X x))®i®~--®i
x| 2tm =D Y

In fact, the algorithm gives all solutions to the problem.

Theorem 8.1 All solutions to the inverse tensor eigenvalue problem are of the form

Ty + Ax—To(-,X,...,X)) QXQ - - DX, 8.2)

[Ix|20m =D

Elol:;ﬂ
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where Ty € (CH)®™ is arbitrary.

Proof Contracting (8.2) with x along all components except the first, we have

1
To(~,x,...,X)+W(Ax—To(-,x,...,X)%<x,X)-~-<x,X)
1 _
=ToC %X+ oy 0% = To(- X 0) - P70 = ax
thus (8.2) is a solution. Conversely, if 7T is a solution, then Ax — T'(-,X,...,x) =0
so (8.2) reducesto Ty = T. ]

We now provide a convergence analysis showing that this algorithm finds tensors
T, € C* solving the singular value problem for hyperquivers within a finite number
of iterations, and a proof showing that it detects if no solution to the problem exists.
The algorithm and its analysis still all hold if a different homogenisation is used, e.g.
replacing every instance of Ao, X;(¢,) With A, X%) where © is the entry-wise Hadamard
product. For k > 1, define

Ir® [lr®FD2
k) = ————, k+1) = ——F-, 1):=0

Lemma 8.2 For a fixedr € [M], let {r(k)}kzl and {P(k)}kzl be the sequences gener-
ated by Algorithm 1. Then for alli, j > 1 withi # j,

(r(i), r(j)> =0 and <P(i), P(j)> =0.

Proof Let E = {eq, ..., en}. We first see that for k > 1 and all £ € [m],
r D = X — T8 (X)) (line 16)
= heXiter) = TP Ky(en) — k) - PO (xgey) (line 14)
= rék) —a(k) - P(k)(XS(ez)) (8.3)
and thus
r&+D
*k+D)T w+nT)" -
= (r1 [~ | ) (line 18)
Gl ®T\' (k) T (k) Y
= (rl | | Tm ) —Ot(k) : (P (Xs(el)) | | P (Xs(em)) ) (eq 83)
T
—r _ a(k) - (P(k)(Xs(el))T |- p® (Xs(em))—r) (8.4)

Additionally, for any i, j > 1, we see that
Elol:;ﬂ
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<r<"+1>, r(j)>
m
_ <r(i), r<f>> —a@- Y (P“)(xs(ee)), réj)> (eq. 8.4)
(=1
— <r(i), r<f>>
m o0,1(0)—1 n
<>Z< ® sow|e’e| ® —>
=1 k=0

k=0¢,1(0)+1
_ <r<"), r(j)>

m  for,1(0)—1 m
—a(i) - <P(l)v Z ® Xsiklep) | © réj) ® ® Xs1.x(er) >
0=

1 k=0 k=07¢,1(0)+1
— <r(“, r(j)> —al)- <P(i)’ PY — B(j) - p(j—1)> (line 19)
= (. xD) —a) - (PO, PD) 1 a) - p(j) - (PO, PUD) 85)

where P© := 0, and

<P<"+1>, p</>>

0¢,1(0)—1 n
— i+ — j
< ® Xoeo | O ' ® ® X5k (ee) ’P(])>
k=0

NE

- k=a¢,1(0)+1
i+ -(P0,PO) (line 19)
m
= Z( @i+1) P(J)(Xs(ez))> +B8G+1)- < (1), P(j)>
=1
m
= Z<r}+1) o0 )( (/) J+1> >+l3(l +1)- <p(i>7 P(j)> (eq. 8.3)

~
Il
-

‘ -

i (<r,§i+]),réj)> _ <r,§i+l) (J+1)>) FBG+1)- <P(i)’ P(j)) (8.6)
€=

Since (r®, ') = (r(), r() and likewise for P and P/), and since the statement
of the lemma is symmetric in i and j, it suffices to prove the lemma for i > j. We
proceed by induction, proving it foralli = kand all j = 1, ...,k — 1. The base case
j = 1andi = 2 is similar to the inductive step, so we only show the latter. Assuming
the inductive hypothesis, then fori =k + 1 andany j = 1, ..., k, we have

< p&+D rm)

o [y
@ Springer | jog
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= (r®, 1) — aty - (PO, PO) +ath) - ) - (PP, PUD) (eq. 8.5)

Ir®2

k)2
=8k Ir®)? =8

and

= Li«rékﬂ) ré”) (§k+1) (1+1)>> FBK+1)- <P(k)7P(j)> (eq. 8.6)

a(k) P
l m
k1
= 2 > (0— 8ju - Irft )Ilz) 48,5 B+ 1) PP (eq. 8.7)
=1
k1
ik (k)Z” e VI 8k B+ ) -1 PE)?
PO ey e ®F0 2
=Sk PO s PO = 0
J -k ||r(k)||2 I [ ||l'(k)||2 l I
where §; ; = 1if j = k and O otherwise. O

Lemma8.3 For a fived r € [M], let {r® )1, {(P©Yi=1, and {TF}i=) be the
sequences generated by Algorithm 1, for any initialisation Tr(l) . Suppose that ﬁ isa

tensor solving the inverse singular value problem (8.1) for all e € E,. Then for all
k>1,

(T = 10, PO) = r®)2 (8:8)

Proof Let E = {ey, ..., ey }. We proceed by induction. The base case k = 1 is similar
to the inductive step, so we only show the latter. Assuming the inductive hypothesis,
then for step k + 1, first we see that

<f, — T+, P<k>) - <f, — T, P(k)> — a(k) ~<P(k), P<k>) (line 14)
(k)12
_ etz _ I ®)2 _
— 2= T pR2 Z g 8.9
IO~ 1PV (8.9)
Thus,

<fr — gD, P(k+1)>

m  foe1(0)—1

- k1

:< T+ Z ® Xs1,j(ee) ®r15 :
=1 j=0

FoE'ﬂ
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w
ol & =, >+ﬁ<k+1>~(fr—TJ"“),P(")) (Tine 19)
Jj=0¢,1(0)+1

=1 j=0
I
® ® X @ | ) +0 (eq. 8.9)
Jj=0¢1(0)+1
m
7 k+1
= Z(Tr (Xs(eg)) - Tr(k+1)(xx(eg))v I’E * )>
=1
m
k+1 = . .
= Z<)”ee Xr(ep) — TP Ky ep), 10T )> (T, is a solution)
=1
m m
k+1) (k+1 k+1
_ Z(ré +h ré + )> _ Z ||ré D2 kD)2
=1 =1

]

Theorem 8.4 If the inverse singular value problem (8.1) is solvable, then Algorithm 1
will find a solution {T}}f”: | in a finite number of iterations for any initialisation
{T,(l)}f/lz |- Otherwise, the problem has no solution if and only if there exists a K > 1
such that v # 0 and P& =0 in some iteration r € [M] for T,.

Proof Letr € [M].Ifr®® = 0 for any k > 1, then the inverse singular value problem
has a solution ﬁ = Tr(k) by definition (line 16). Additionally, if P® # Oforallk > 1,
then the iterations of Algorithm 1 (in particular, lines 14 and 19) are well-defined for
all k > 1. By Lemma 8.2, {r(k)}kzl forms an orthogonal sequence in CPr, and hence
there must exist a finite iteration number K > 1 such that r) = 0, which means
that Tr(K) is a solution. This proves the first part of the theorem and one direction of
the second part. Finally, if there exists a K > 1 such that r& # 0 and PE) =,
then this would contradict (8.8) of Lemma 8.3, unless there was no solution fr This
proves the second part of the theorem. O

Appendix A. The Chow Ring and Chern Classes

We recall the definitions of the Chow groups and Chow ring of a projective variety,
following [23, 28].

Definition A.1 Let X be a smooth projective variety of dimension n.

(1) [23,Section 1.2.1] The group of i-cycles of X is the free abelian group Z; (X) gen-
erated by the irreducible i-dimensional subvarieties of X. An element of Z; (X),
FolCT
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called an i-cycle, is a finite, formal sum Zi n; V; of i-dimensional subvarieties
V; of X, where n; € Z.

(ii) [28, Proposition 1.6] An i-cycle Z € Z;(X) is rationally equivalent to zero
if there exist irreducible subvarieties V; € P! x X of dimension i + 1 with
dominant projection maps V; — P! such that Z = > Vi(0) — V;(c0), where
Vi(t) = ViNn({t} x X). The i-cycles rationally equivalent to zero form a subgroup
Rat; (X) of Z; (X).

(iii) [28, Section 1.2.2—1.2.3] The i-th Chow group of X is the quotient group
Ai(X) = Z;(X)/Rat;(X). The class of an i-cycle C € Z;(X) in A;(X) is
denoted by [C]. The Chow group of X is the direct sum A4 (X) = @!_(A; (X).
The Chow ring of X is the direct sum A*(X) = @/'_,A’ (X), where A'(X) =
Ap—i(X).

The Chow ring A*(X) has the structure of a commutative ring, with a product
AN(X) x AJ(X) — A (X) called the intersection product. We say that C and D
intersect transversely if on each component of C N D at a generic point p, the sum of
the tangent spaces of C and D is the tangent space of X: T,C + T,D = T,X.
The intersection product takes any codimension-i and codimension-j irreducible
subvarieties C, D C X, replaces C and D by rationally equivalent subvarieties
C’, D' C X (if necessary) in order for C’ and D’ to intersect transversely, and defines
[C][D] = [C'N D'l € AitJ(X). The existence of a well-defined intersection product
is due to Fulton [28]; see [23, Appendix A].

Definition A.2 ([23, Section 1.3.6]) Let X and Y be smooth projective varieties of
dimensions m and n, and f : X — Y a morphism.

(1) Let V € X be an irreducible subvariety of dimension i. Define a group homo-
morphism f; : A;(X) — A;(Y) by

V] d-[f(V)] d%mf(V) =l:
0 dim f(V) < i,

where d := [R(V) : R(f(V))] is the degree of the field extension between the
function fields R(V) of V and R(f(V)) of f(V). The map f extends to a group
homomorphism f : A«(X) — A.(Y), called the pushforward of f.

(ii) There is a unique group homomorphism f* : A’(Y) — A’(X) such that for all
W C Y asmooth subvariety withi = codimy W = codimy ( f ~1(W)), we have
F*((W]) = [f~'(W)]. This extends to a ring homomorphism f* : A*(Y) —
A*(X) called the pullback of f.

Remark A.3 The degree of the field extension in the definition of f; is the degree of
the covering of f(V) by V. In particular, ifi : X — Y is a closed immersion, then
i ([XD = [X].

Proposition A.4 (Projection Formula, [23, Theorem 1.23(b)]) If X and Y are smooth
projective varieties, f : X — Y is a morphism, and [C] € A;(X) and [D] € AJ(Y)
are cycle classes, then

[D1£«(ICD) = fu(f*([DDICD) € Ai—;(Y).
FolCT
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Definition A.5 ([23, Theorem 5.3]) Let X be a smooth projective variety of dimension
n and let % be a vector bundle over X. There exist unique classes ¢; (%) € A’ (X) for
i € [n] called the Chern classes of %, depending only on the isomorphism class of
A, satisfying the following axioms:

(i) If r is the rank of A, then ¢; (%) =0 foralli > r.
@) If og,...,0,—;i € TI'(H) are global sections and their degeneracy locus
Z(09, ...,0,_;) C X has codimensioni in X, then¢; (%) = [Z(oy, ..., 0r_i)].
(iii) The Chern polynomial of B is C(t, B) = 1+ Y i_, ci(B)t'. 10 > B —
B — A’ — 0is an exact sequence of vector bundles over X, then

Ct,B)=Ct, B C,B.

@iv) If Y is a smooth projective variety and f : Y — X a morphism,
ci(f*B) = f*(ci(A)).

(v) If Zisaline bundle on X, then C (1, &) = 1+ ¢ (L)1, where ¢1(£) € A'(X)
is the class of the divisor of zeros minus the divisor of poles of any section of .Z
defined on a Zariski-open set of X

If r = n, then ¢, (%) € A™(X) so0 cy(AB) = v(H)[p] for some integer v(A) called
the fop Chern number of %, where [p] € A" (X) is the class of a point p € X.

Remark A.6 Compared with [23, Theorem 5.3], we have added the redundant axiom
(i) to our Definition A.5(a) in order to help clarify the properties of Chern classes. The
result [23, Theorem 5.3] is fully proven in [28, Chapter 3].

Definition A.7 ([28, Remark 3.2.3, Example 3.2.3]) The Chern roots of 9 are the
formal variables &; (#) in the formal factorization of the Chern polynomial:

Ct.8)=[]0+&RB)n).

i=1

The Chern character of % is ch(#) = Y _,exp(§;(£)), where exp(a) =
Yo %ak is a formal sum in the formal variable c.

From Definitions A.5 and A.7, one can obtain the following properties.

Proposition A.8 ([28, Remark 3.2.3, Example 3.2.3]) Let X be a smooth projective
variety and % and B’ be vector bundles over X.

(a) If P is the trivial bundle, then C(t, $) = 1.
(b) The Chern polynomial of % and its dual are related by C(t, ) = C(—t, B).
(c) The Chern character satisfies ch(# ® B') = ch(%B) ch(#').
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